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1 Introduction 



There are several motivations for the recent interest on the boundary of wave type spacetimes. 
Firstly, there are important reasons for string theory, because of the AdS/CFT correspondence of 
plane waves and the holographic role of its boundary. But there are also reasons from the viewpoint 
of General Relativity, apart from the obvious interest in the properties of a classical spacetime. 
In fact, the old problem on the consistency of causal boundaries and its relation with conformal 
boundaries is put forward by pp-waves and stimulates its full solution. Very roughly, the main 
results can be summarized as follows (see also references therein): 

• Plane waves yield exact backgrounds for string theory as all their scalar curvature invariants 
vanish. Thus, they correspond to exact conformal theories, and in some cases can be explicitly 
quantized [T| [291139]. 

• Taking into account the well-known result that any spacetime has a plane wave as a limit 
along any lightlike geodesic (Penrose, [B]), Berenstein, Maldacena and Nastase [5] related 
string theory on maximally supersymmetric 10 dimensional plane waves to 4 dimensional 
field theory. 

• More precisely, Penrose limit on a lightlike geodesic on AdS^ x S^, which rotates on the 
was considered. Blau, Figueroa-O'Farrill, Hull and Papadopoulos [9] constructed the limit 
plane wave and identified its dual in the field theory. Berenstein and Nastase [6l studied the 
asymptotic conformal boundary of this plane wave, finding that it is 1-dimensional. This fact 
not only was not regarded as pathological, but it suggested that such a plane wave possesses 
a holographic dual description in terms of quantum mechanics on its boundary -a similar 
picture to CFT dual to an asymptotically AdS space. 

• Marolf and Ross [3^ studied the causal boundary of that plane wave. There are interesting 
reasons to use this more sophisticated boundary. On one hand, it is intrinsic to the spacetime 
and systematically determined. On the other, this approach is applicable to any plane wave 
or spacetime, not only to conformally flat ones. Essentially, these authors reobtained the 1- 
dimensional character for the causal boundary of Berenstein and Nastase's, and, surprisingly, 
obtained other relevant cases of plane waves with this same behavior (as it was independent 
on the number of positive eigenvalues for the quadratic form F, assuming the existence of at 
least one). What is more, their results suggested a redefinition of classical causal boundary 
[37j . as this old concept was known to have some undesirable properties. 

• In [19] the authors studied systematically the causal structure of wave-type spacetimes (the 
general family (|2.1|) below). We showed that this structure depends dramatically on the 
value of the characteristic coefficient F of the metric. In particular, when F is "at most 
quadratic" (as in classical plane waves) the spacetime becomes strongly causal, but when it 
is "superquadratic" the wave is non-distinguishing and the causal boundary makes no sense. 
Hubeny, Rangamani and Ross [33] pointed out that this is the case of the pp-wave which 
gives rise to the A/" = 2 sine-Gordon string world-sheet; moreover, they also studied other 
properties on causality (as the existence of time functions) and boundaries for some specific 
pp-wave backgrounds ^33| i3Q, ,32, ,34j . 
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There are also two technical questions which are worth of pointing out here. First, the systematic 
study of the causal boundary in fTH' , starting at the cited original idea ^37] , which seems to yield 
a definitive answer to the problem of the identifications between future and past ideal points, 
as well as an appropriate topology on the boundary. Second, the solution of the so-called "folk 
problems of smoothability" which yield consistency to the full causal ladder of causality, including 
the equivalence between stable causality and the existence of a time function [71^42, 8 . 
The aim of the present article is to study systematically the causal boundary of wave-type space- 
times. Recall that, essentially, Marolf and Ross [36l [37 ^ studied locally symmetric plane waves 
{F(x,u) = F(x), F quadratic form), and Hubeny and Rangamani |30j studied particular cases of 
plane waves, as well as some pp-waves, extracting some heuristic conclusions. But more precise 
and general results about the structure of the boundaries are missing there. 

Summing up, our motivation is threefold: first to conclude the study in [361 130] . originated 
by applications on strings, second to conclude the study of causality of pp-wave type spacetimes 
initiated in [19l [13] , and third to check and support the new concept of causal boundary in [37l [18] . 
Our approach can be summarized as follows. 

In Section [2] we introduce the general class of wave-type spacetimes, namely Mp- waves A4 ~ 
M X R^, to be considered. Other properties of these spacetimes (geodesies, completeness, causal 
hierarchy) were studied in [T31[Tn]; some changes of notation are made here. 

In Section[3]thc framework of causal boundaries is introduced. First, the original Geroch, Kro- 
nheimer and Penrose (GKP) boundary of TIP's and TIF's is recalled The recent progress 
on this boundary |371 118j applicable here is summarized in §3.21 This includes the characterization 
of ideal points as certain pairs (P, F) of TIP's and TIF's (which involves their common futures 
and pasts t P, i F), the induced causal relation and the topology of the boundary. Finally, a 
simple, but general, technical property of TIP's and TIF's is proved in §3.31 Essentially, this prop- 
erty means that TIP's and TIF's can be regarded as pasts or futures of certain (non necessarily 
geodesic) inextendible lightlike curves (Prop. 13. 3|) : its version for Mp- waves (Cor. 13. 5p will simplify 
the functional approach to be used later. 

In Section [Jj we introduce an arrival time function with analogies to classical Fermat's one 
[3S] . This function allows to introduce a functional iZj^" in the space of curves on the spatial M 
part (essentially, in the set of curves x{u) which connect each two prescribed points xo,xi G M 
parametrized by the "u-quasitime" u S [uo,uo + Am], where {x,u,v) E M x M^). The infimum of 
J^u'o^ characterizes which points can be causally joined with each (xq, uq, wq) G M.- This approach, 
on one hand, allows to introduce techniques and results from functional analysis (some required 
ones will be developed in the Appendix). On the other, clarifies the causal structure of Mp- waves; 
for example, the inexistence of horizons (claimed in 31J and strongly supported in [20| ) becomes 
now apparent (Remark 14. 4p . 

In Section [5] we introduce two technical conditions (HI), (H2) on the Mp-wave in terms of 
functional J (Defn. 15. 3p . and relate them to the qualitative behavior of the characteristic metric 
coefficient F. Very roughly, the idea is as follows. Each M-curve x determines univocally a lightlike 
curve type (x(u), m, v{u)), u £ [uq, uq + Au]. Assume that the lightcones become opened fast along 
the lightlike curves generated in one Af-direction (or even just along a sequence {xm}m of M- 
loops). Due to the structure of the Mp-wave, if this happens for arbitrarily small values of Au (as 
formally expresses (H2)) then the future of all the points {x, u, v) with the same u — uq collapses. 
So, the Mp-wave will be non-distinguishing, and no causal boundary can be defined. Now, assume 
that the Mp-wave is causally well-behaved and, so, this property does not hold for arbitrarily small 
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Au. If the property still holds for values of Au greater than some constant Aq > (as expresses 
(HI)), then the collapse will happen at the level of the TIP's, i.e.: lightlike curves with unbounded 
coordinate u will generate the same ideal points i"*", . 

As conditions (HI), (H2) are formulated directly on the functional, they become very technical. 
Nevertheless, we also define the typical behaviors of at infinity: super, at most, and sub quadratic 
(these are general bounds on the growth of F{-,u), depending arbitrarily on u) as well as A- 
asymptotically quadratic (such a bound is also restrictive on u). We showed in [19^ how some 
of these behaviors determine the position in the causal ladder of the Mp-wave. Now, we show 
fLemmas 15.51 15. 6p how some of them (supcrquadratic, A-asymptotically quadratic with A > 1/2) 
yield naturally conditions (H2), (HI), which will determine its boundary. The results are very 
accurate, as shown by the bound A > 1/2, which comes from Sturm-Liouville theory (see Remark 
15.71 and ^9.1^ . Nevertheless, we emphasize that the technical behavior (HI), (H2) is required 
only for some M-direction. Thus, one can easily yield results more general than stated. In fact, in 
Lemma 15.6( 11) condition (HI) is proved for (non-necessarily locally symmetric) plane waves such 
that one of the eigenvalues of F is positive; this lies in the core of the surprising result by Marolf 
and Ross [36] cited above. 

In Section [6] we prove how (H2) forbids the Mp-wave to be distinguishing (i 36.ip . This may be 
somewhat unexpected, and some examples in |30) are revisited f H6.2p . 

In Section [7] the explicit construction of the ideal points for any strongly causal Mp-wave is 
carried out. This is done in full generality in i i7.ll where the main result (Theorem l7.6p is expressed 
in terms of two "Busemann type functions" previously introduced (Props. 17. 3[ 17. 4p . Notice 
that Busemann functions appear naturally when TIP's or TIF's are computed in simple (standard 
static) spacetimes, [26]. Now, the more elaborated function b~ plays a similar role to such a 
Busemann function, and the new function 6+ is introduced to deal with the sets "f P, | _F required 
for the total causal boundary [ST] [18]. Moreover ( ^7.2^ . when \F\ is at most quadratic (and, thus, 
M is necessarily strongly causal) and M complete, a special simplification of the terminal sets 
P, F, t P, I F occurs. (We emphasize the necessity of the at most quadratic behavior for \F\, 
which was dropped in previous literature, Remark 17.71 ) In fact, a natural lightlike ideal line in 
each boundary dA4, dM. (parametrized by Woo, |uoo| < oo in Th. 17.91 Remark I7.10p appears. 
Nevertheless, the boundary dAi may be higher dimensional, because the lightlike curves with 
unbounded coordinate u {\uoo\ — oo) may still generate infinitely many ideal points. 

However, in Section [5| we show that, when additionally (HI) holds, then all (future) lightlike 
curves with u oo generate the same ideal point i"*", so a 1-dimensional boundary is expected 
f ijS.ip . In particular, when F is X- asymptotically quadratic with A > 1/2 the boundary is two copies 
of a 1-dimensional lightlike line, with some eventual identifications ( ^8.2^ . Moreover the special 
case of plane waves is compared carefully with previous results and techniques (Remark 18.51 and 
below). 

In Section [9| we consider subquadratic P's and emphasize the critical character of the 1- 
dimensional boundary. Recall that, essentially, such a boundary corresponds to a (A > 1/2)- 
asymptotically quadratic behaviour of P, and the boundary makes no sense under a faster (su- 
perquadratic) growth. In ijO.ll we construct an explicit example with higher dimensional boundary 
in the limit case A = 1/2. So, the 1-dimensional boundary can no longer be expected. 

Higher dimensionality is expected specially in the (globally hyperbolic) subquadratic case ^ 39. 21 
Notice that the case M = R",P = corresponds to Lorcntz-Minkowski L""*"^ (for arbitrary M, 
corresponds to a standard static spacetime). If |P(-,m)| is upper bounded for each u, then the 
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spacetime becomes "isocausal" (in the sense of Garci'a-Parrado and Senovilla ^22]) to L"+^ and, 
thus, the causal boundary is expected to be (n + l)-dimensional. 

Finally, in ij9.3l we discuss and extend Marolf and Ross' result [351 Sect. 3.1] for plane waves 
with negative eigenvalues. Concretely, we reobtain that the Mp-wave is conformal to a region of 
bounded by two lightlike hyperplanes, even when F depends on u. Nevertheless, a discussion 
shows that the causal and conformal boundaries differ in this case: the former has two connected 
pieces (a future boundary and a past one); the latter, which is necessarily compact, is connected 
and includes implicitly properties at spacelike infinity (compare with liE\). 

We finish emphasizing some conclusions in Section fTOl including a table of results, and providing 
some technical bounds on some functionals in the Appendix. Along the paper, four figures have 
been also included as a guide for the reader. 



2 Wave- type spacetimes 

The authors, in collaboration with A.M. Candela, introduced and studied systematically p!^[TOl[2U] 
the following class of spacetimes, which widely generalize classical pp-waves (and, thus, plane 
waves): 

(A^,(-,-)l) M=MxR^ 
(•, ■}l = •) - F{x, u) du^ -2dudv. ^ > 

Here (M, (•, •)) is any smooth Riemannian (C°°, positive-definite, connected) n-manifold, the vari- 
ables (m, v) are the natural coordinates of and : M x K — M is any smooth scalar field. M 
will not be assumed to be complete a priori, and will be said unbounded if it is non-compact with 
points at arbitrary long distances (i.e., it has infinite diameter). 

These spacetimes were named just PFW ("plane fronted waves") in some previous references 
but, according to the more careful notation in the survey [23], they will be considered as (a type 
of) Mp-waves. We also introduce some changes of conventions and notations in order to make a 
better comparison with references such as |3ni[3nill7]- In particular, function F here replaces ~H 
in previous references. We will choose once for ever a point x G M . Then, if d is the natural 
distance associated to the Riemannian metric (•, •), we put 

\x\^d{x,x) VxeM. (2.2) 

Elementary properties of these spacetimes are the following. Vector field dv is parallel and 
lightlike, and the time-orientation will be chosen to make it future-directed. Thus, for any future- 
directed causal curve 7(3) — {x{s),u{s),v{s)), s E I {I interval) 

?i(s) = -(7(s),9„)i >0, (2.3) 

being the inequality strict if 7(5) is timelike (and analogously for a past-directed curve). Using 
this inequality and the fact that Vm = — it follows that any such Mp-wave is causal. The slices 
u = constant are degenerate, with radical Span9„. Then, all the hypersurfaces (non-degenerate 
n-submanifolds oi M.) of one such a slice which are transverse to 9„, become isometric to open 
subsets of M. The fronts of the wave (|2.ip will be defined as the (whole) shces at constant u,v. 
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3 The Causal Boundary of spacetimes 



We refer to well-known references such as [43l [21 [27j [5T] and specially the recent review [42] for 
notation and background on causality. For the specific approach on causal boundaries, we refer to 
[18] and references therein. 

3.1 Classical approach 

Let M = (M,g) be a spacetime, endowed with a time-orientation (implicitly assumed) and, thus, 
the causal < (strict causal <) and chronological ^ relations. As usual, causal elements in any open 
subset U M, regarded as a spacetime in its own right, will be denoted such as <f7, J+(p, U), 
etc. A continuous curve 7 : [0,b) —^ M is called future- directed causal if, for each s € [0, 5), there 
exists a convex neighborhood (i.e. a (starshaped) normal neighborhood of all its points) U of 7(5) 
such that, whenever s' £ {s,b) (resp. s' € [0,s)) satisfies that 7([s,s']) (resp. 7([s',s])) is included 
in [/, then 7(5) <u 7(s') (resp. 7(5') <u lis)). It is well-known that, up to a reparametrization, 
such curves are locally Lipschitzian as well as other properties [111 Appendix], ^21 Sect. 3.5]. This 
definition (and related properties) are naturally extended not only to the past case, but also to 
other domains for 7 different to [0,5); definitions are also extended to timelike curves, with no 
further mention. A (future or past-directed) causal curve 7 : [0, 5) — > is piecewise smooth if 
there exists a sequence {si} b, sq = such that 7 is smooth on each interval [si, s^+i] for all i. 
Notice that, at any (possibly non-smooth) break "f(si),i > 0, there are two limit derivatives 7(s~), 
7(5^), which are causal vectors in the same cone. A piecewise smooth geodesic will be called a 
broken geodesic. 

Roughly, the main purpose of the causal completion of a spacetime is to make inextendible 
timelike curves to end at some poinfl So, 'ideal points' are added to the spacetime, in such a way 
that any timelike curve has some endpoint in the new extended space (at the original manifold 
or at an ideal point). To this aim, there will not be any difference if the (timelike) curves are 
required to be smooth, piecewise smooth or continuous. So, in what follows, all the curves will 
be piecewise smooth, except when otherwise is said explicitly. The natural level in the causal 
hierarchy of spacetimes required for the completion of {A4,g) is strong causality. In fact, to be 
(pointwise future or past) distinguishing will be a minimum property in order to recover the points 
of A4 from the general construction, but strong causality will be necessary to recover the topology 
too, as well as for other technical properties. 

In order to describe the completion procedure some terminology is required first. A subset 
P C is called a past set if it coincides with its chronological past I^[P], that is, P = I^[P] ■= 
{p (z A4 : p <ti q for some q g P}. Given a subset 5 C A^, we define the common past of S as 
I S := I^[{p G Al : p ^ q Vq G S}]. Notice that /~[P] is always open, and we have chosen the 
definition of | S* in order to make it open too. A non-empty past set that cannot be written as the 
union of two proper subsets, both of which are also past sets, is called indecomposable past set, IP. 
An IP which does coincide with the past of some point in M is called proper indecomposable past 
set, PIP and, otherwise, terminal indecomposable past set, TIP. Of course, by replacing the word 

^In this sense, the name of chronological completion would bo more appropriate (as in 1181 ). Nevertheless, here 
we will maintain the term causal completion to emphasize that some causal elements have been introduced, and in 
close correspondence with previous literature such as |36i i30| . 
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'past' by 'future' we obtain the corresponding notions for future set, common future, IF, PIF and 
TIF. 

To construct the future causal completion, firstly identify every event p (z M with its PIP, 
I~{p)- Then, define the future causal boundary dA4 of A4 as the set of all TIPs in A4. Therefore, 
the future causal completion M becomes the set of all IPs: 

M = PIPs, dM = TIPs, M = IPs. 

Analogously, every event p € M can be identified with its PIF, I^{p), then the past causal boundary 
dAi of Ai is the set of all TIFs in A4 and thus, the past causal completion M. is the set of all IFs: 

M = PIFs, dM = TIFs, M = IFs. 

In order to define the (total) causal completion, the space M.VJjCi appears obviously. However, 
it becomes evident that, in order to obtain a reasonably consistent definition: (a) PIP's and PIF's 
must be identified in an obvious way {I^{p) ^ I'^ip) on M U M for all p e A4), and (b) the 
resulting space tW* does not provide a satisfactory description of the boundary of A^, because this 
procedure often attaches two ideal points where we would expect only one (consider the boundary 
for the interior of a (ti — l)-rectanglc in Lorentz-Minkowski L": each point at any timelike side 
determines naturally both, a TIP and a TIF). There have been many attempts to define additional 
identifications between elements of dAiUdM in order to overcome this problem [TTl 150j . 
but without totally satisfactory results up to now. 



GKP boundary 
Essential ingredient 1^ 
TIP'S P , TIP'S F 



Problem of identifications: 

tal<e pairs (P,F) 
Compute also tP IF etc. 



Technical computability 
in terms of light, cur^'es 
Corel. 3.5 



Causality conditions. 
-■Well defined bound. 

distinguishing 
-■Well topologized: 

strong caus. 



At most 
quad. F 



Figure 1: Overall causality framework 
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3.2 A recent new approach 

An alternative procedure to making identifications consists of forming pairs composed by past and 
future indecomposable sets of . This approach, firstly introduced by Marolf and Ross |375 , and 
widely developed in [18) . has exhibited satisfactory results for the spacetimes analyzed up to date, 
and seems specially well-adapted to those ones analyzed in [321 130] ; so, we will adopt this approach 
in this paper. Even though, as emphasized in [18 , there are different choices for the meaning of 
the total causal boundary once the pairs have been defined, they coincide in most cases and, in 
particular, in the relevant cases considered here. 

Let P (resp. F) be an IP (resp. IF). We say that P is S-related (Szabados related) to F, 
namely P ^5 P, if P is maximal as IP into | P and P is maximal as IF into "f P. A TIP P can be 
S-related with more than one TIF Pi, P2 (take P = {(x, t) : \x\ < -<} in M = L2\{(0, t) : t > 0}) 
or viceversa. Nevertheless, this will not happen in our study (Remark l7.10|) . Therefore, according 
to ^18. i37] . the (total) causal completion M is defined in this case as: the set of pairs (P, P) where 
P (resp. P) is either a IP (resp. IF) or the empty set and one of the following possibilities happens: 
(a) P P, (b) P 7^ P = and there is no P' such that P' P, or (c) P P = and there 
is no P' such that P F' ■ The (total) causal boundary is the subset dM C containing the 
pairs (P, P) such that P is not a PIP (and, thus, P is not a PIF [49l Prop. 5.1]). 

With this definition at hand, it is easy to extend the chronological relation <C to the completion 
JA: {P,F) is chronologically related to [P',F'), namely (P, P) < [P',F'), if P n P' 9^ 0. The 
properties and absence of problems for this choice are well established [TH]; nevertheless, it is not 
so easy to give a definitive extension of the causal relation. As the boundary of some waves is 
sometimes claimed to be null in a rather intuitive way, we will adopt here simple definitions which 
will formalize this, and postpone to future work other subtleties in more general cases. We say that 
(P, P) is causally related to (P', P'), namely (P, P) < (P', P'), if P' C P and P C P', at least one 
of them not trivially (i.e., without involving the empty set, P 7^ or P' 7^ 0). This is a canonical 
choice to define a causal relation from a chronological one (taken also in [37j; see [151 Defn. 2.22, 
Th. 3.69] for a discussion). If we only impose that one of these two inclusions hold (not trivially), 
we will say (P, P) is weakly causally related to {P',F'), written (P, P) <w {P',F'). It is easy to 
check that the latter definition does not imply the former one (consider in L^\{(a;, t) G M.'^ : x < 0} 
the ideal point associated to (0, 0) and the pair associated to the point (—1, 1)). Finally, (P, P) and 
(P',P') are (weakly) horismotically related if they are (weakly) causally, but not chronologically, 
related. 

The topology of the spacetime can be also extended to the completion. We will adopt the 
chronological topology introduced in [18| . This topology is defined in terms of the following limit 
operator L: given a sequence a — {(Pn, -P^n)} C M. and (P, P) e M., we say that (P, P) e P(cr) iS 

P e L(P„) := {P' e 7W : P' C LI(P„) and P' is maximal IP into LS(P„)} 
P G P(P„) := {P' G : P' C LI(P„) and P' is maximal IF into LS(P„)} 

(recall that either P or P can be empty, but not both). Then, the closed sets for the chronological 
topology are those subsets C C such that L{a) C C for any sequence a in C. 

^By LI and LS we mean the usual inferior and superior limits of sets: i.e. hl{A„) = liminf(A„) := Ci'^^A^. 
and hS{An) = limsup(yl„) := nj^j^ '-'fcLn This definition is naturally extended when the range of n is not the 
set of natural numbers, but a totally ordered set such as the interval [0, b) (this permits to say when a curve 7 tends 
to a boundary point (P, _F) without using sequences) . 
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3.3 tip's as past of lightlike curves 

In order to study the pairs in dA4, it is well-known that any TIP, P, of a strongly causal spacetime 
can be regarded as /~ [p] for some inextendible future-directed timelike curve p (see, for example, 
[21 Prop. 6.14]) and analogously for TIF's. Moreover, in this case, it is t P =T I~[p]- Our aim is 
to show that lightlike broken geodesies are also enough. 

Remark 3.1 As a previous technicality, recall that when 7 is lightlike, then ]" 7 ="1" /^[7] does 
not necessarily hold: take 7(5) = (s, s), s < in L'^yKO, t) : t > 0}). 

Nevertheless, this property is ensured when the easily checkable condition ^ d [7] holds. 

Proposition 3.2 Let 7 : [0, 5) ^ be a future- directed (right) inextendible lightlike curve in the 
strongly causal spacetime M. If J (1 ^^[7] then P = /^[7] is a TIP and ] 7 =] P. 

Proof. Take a sequence {si\ Z' b. The assumption on 7 implies the existence of a subsequence 
{sitlfe such that 7(si^) ^ 7(si^^j) for all k. Thus, joining each pair of points by means of a future- 
directed timelike curve, a piecewise smooth inextendible timelike curve p is obtained. Clearly, 
I-[p] = I^l-y] (and thus, a TIP), t 7 =T p(=T I^[p]), and the result follows. ■ 

Proposition 3.3 Let p : [0,b) ^ A4 be a future- directed causal curve. Then, for any sequence 
{^i} b, sq > there exists a broken future- directed lightlike geodesic (with no conjugate points 
in each unbroken piece) 7 : [0, 6) — s- such that j{si) = p{si) for all i and, thus: 

i-[p] = rh], Tp=T7- 

Even more, if (a) dimM. > 3, (b) X is any lightlike geodesic vector field and (c) the restriction 
of p to any open interval is not an integral curve of X (up to reparametrization) , then 7 can be 
chosen such that 7(5) is linearly independent of X^i^^^ for all s G [0,5). In particular, this holds if 
p is timelike; moreover, in this case j C I^ [7] . 

For the proof, notice first: 

Lemma 3.4 For each s € [0, b) (resp. s £ (0, b) ) there exists some e > such that, if s' e (s, s + e) 
(resp. s' e (s — ^tS)) then p{s) and p{s') can be joined with a broken lightlike geodesic as in 
Proposition \3.S\ with only one break. 

Proof. (Reasoning just for the case s' > s). Let U he a convex neighborhood of p = p{s). It is 
known that there exists a globally hyperbolic neighborhood U 3 p, U d U which is causally convex 
in U (i.e., such that any causal curve in U with endpoints in U is entirely contained in U), see |42j . 
Notice that E+{p, U) = 5J+(p, U). Let e > such that p{[s, s + e]) C U. For_any s' G (s, s -h e], 
any past-directed lightlike geodesic (3 starting at p' = p{s') must cross E^{p, U) at some point q 
(recall that (5 cannot remain imprisoned in the compact set J^{p, U) n J~{p', U); notice also that, 
eventually, q — p' or q = p may hold if p is lightlike). Thus, the unique (up to reparametrization) 
broken lightlike geodesic j in U which goes from p to q and then to p' is the required one. 

Even more, in the case dim > 3 and X geodesic, there are at most two such broken geodesies 
7i J 72 which connect p, p' and are integral curves of X at some point (if they existed, one of them 
71 would be obtained by taking /3 as the integral curve of X through p', and the other one 72, 
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analogously starting with an integral curve from p). Thus, it is enough to construct 7 by choosing 
/? in a direction different to the velocities of 71 and 72 on p' . The remainder for the case p timelike 
is straightforward. ■ 

Proof of Provosition \3.S\ Each interval [s^, Si+i] can be covered by open subsets type (s — e, s + e), 
(si+i — e, Si+i], [si,Si + e), with e satisfying the properties of Lemma [3.41 Now, choose 5 small 
enough to make each [s — 5, s -\- 5) O [si, Si+i] included in one of these open subsets (i.e., 5 is taken 
smaller than a Lebesgue number of the covering) with s^+i ~ st + ktS for some positive integer ki. 
Then, the result follows by joining each p{si + kS), p{si + {k + 1)5), (for fc = 0, 1, . . . , fc^ — 1 and all 
i), as in Lemma 13.41 ■ 

In the case of Mp-waves, broken lightlike geodesies as in Proposition 13.31 for X = dy will 
be chosen. Summing up, the following result (and its analog for the future case) will be used 
systematically. 

Corollary 3.5 Let A4 be a strongly causal Mp-wave and P be a TIP. Then, there exists an inex- 
tendible future- directed lightlike curve j (in fact, a broken geodesic without conjugate points) at no 
point proportional to dy, such that P = /^[7] and | P =| 7. 

Conversely, ifj is any inextendible future- directed causal curve with 7 C ^^[7] then P = I^lj] 
is a TIP and t P =T 7- 

4 Fermat's arrival function and functional approach 

Vector field dy allows to define an "arrival function" analogous to classical Fermat's time arrival 
one, as well as an associated functional. In order to carry out the analogy, consider first the simple 
case of a product spacetimell (S xR, g = gs — dt^), where [S, gs) is a Riemannian manifold and dt 
points out to the future. (Notice that, if = 0, a Mp-wave can be regarded as one such product 
spacetime with S = M y. R, after a change of the coordinates u,v.) Let xq^xi € S", A > 0. For 
any piecewise smooth curve y : [0,A] ^ S" with endpoints j/(0) = a;o,y(A) = xi a unique future- 
directed lightlike curve 7(t) = {y{s{t)),t),t G [0,T] can be constructed, being s{t) and T = T[y] 
determined by g{'j, 7) = 0, s(0) — 0, s{T) — A. So, if C = C{xo, xi; A) denotes the set of all such 
curves y — y{s), a functional 

J:C^R, y^ T[y] 
is obtained. Now, consider the (future) time arrival map 

T:SxS^R, {xo,xi)^T{xo,xi) := InfcX 

Easily, one has: 

(xo,to) < (a;i,ii) <^=> T{xq,xi) <ti-to. 

In fact, T(a;o,a:^i) is the (Fermat) minimum arrival time of a future-directed lightlike curve from 
(xo,0) to the line {xi} x R. Notice that in this simple case function T is always finite and 
continuous, and essentially the same function is obtained if past-directed causal curves are taken 

■^As Causality is conformal invariant, this also corresponds to both, the standard static case, and the case of 
GRW (Generalized Robertson- Walker spaces). Nevertheless, the construction can be carried out in the much more 
general setting of splitting type spacetimes (which include all the globally hyperbolic spacetimes [7]); see I47| for a 
general detailed study, or |48l Sect. 3] for the case GRW. 
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(see |47)V Next, our aim is to make a similar construction for any Mp-wave (|2.ip but now playing 
dv the role of dt- The construction can be also generalized to Eisenhart metrics 41]. Previously, 
observe that formulas (|2.3p and (|2.ip yield, respectively, the following two lemmas. 

Lemma 4.1 For any zq — {xo,uq,vo) E A4, /+(zo) C Af x (wo,oo) x R (resp. /^(zq) C Af x 
(—00, uq) X Rj. 

Lemma 4.2 Let = (a;o, uqi ''^o); zi — (xi,ui,vi), Au = ui — uq. Any causal curve in Ai with 
endpoints zq, z\ and velocity not proportional to dy at any point, satisfies |Au| ^ and can be 
uniquely reparametrized as 7(5) = {x{s),u{s),v{s)), \/s E I = [0, |Au|], 7(0) — zq, in such a way 
that 7(5) satisfies: 

(a) The u~ component is written as: 

u{s){=u^{s)) ■.= UQ + iys, Vs e / (4.1) 
where v — i.e., v = \ when 7 is future- directed and v ^ —1 when past-directed, 

(b) putting E{s) = (7(s),7(s))l (E(s) < 0, Vs G I), then 

"(s) = «o + ^ / {-E{a) + |i(a)|2 - F{x{a),u,{a)))da, Vs € /. (4.2) 
^ Jo 

Now, given any {xq,uq), {xi,ui) £ M x R, put Am = ui — uo and assume |Am| ^ 0. For each 
piecewise smooth curve y : [0, |Au|] — > M with endpoints xq, xi, consider the unique lightlike curve 
z{s) = {y{s),u^{s),Vy{s)),s £ I — [0, |Au|], as in (|4.ip . where Vy{s) is determined from (|4.2p 
(and thus, depends implicitly on v) by putting E{s) = 0, Vq = 0,x = y. So, if C(= C{xo, Xi; | Au|)) 
denotes the set of all such curves y, a functional 

C^R, y^Vy{\Au\) 

is obtained. In fact, define functional J^.^" : C ^ R: 

JuTiy)-^ I - ny{^)^M^)))d^- (4-3) 

Notice that, from the expression (|4.2p for the component Vy{s) we have: 

^,(|AM|) = z.:Z„^''(y). 
Now, consider the arrival map V : {M x R) x (A/ x R) — s- [—00, 00], 

{{xo,uo),{xi,ui)) < — > V{{xo,uo),{xi,ui)) ■.:^lnfcJ^^ £ [-00,00) (4.4) 
(Au = Ml — mq; for convenience, V = 00 if uq = ui) , which satisfies the triangle inequality 

V{{xo,Uo), (X2,U2)) < V{{xo,uo), (xi,Mi)) + V{{xi,Ui), ix2,U2)), (4.5) 
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whenever uq < ui < U2 or uq > ui > U2. Even more, from the expression (|4.3p it directly follows 
that V is symmetric, i.e.: 

V{ixQ,uo), {xi,ui)) = V{{xi,ui), {xo,uq)), (4.6) 

whenever uq ^ ui. From the construction, the following result (which shows that this function 
plays a similar role to time arrival Fermat's one) holds. 

Proposition 4.3 For every zq = {xq,uo,vq) G A4, xi e M, ui G M.\{uo}: 
If ui > Uq then Zl — {xi,ui,vi) ^ I^{zq) and: 

Zl = {xi,ui,vi) e I^{zo) ^vi~va> V{{xq,uo), {xi,ui)). 

If ui < Uq then Zl — {xi,ui,vi) ^ /+(zo) and: 

Zl = {xi,Ui,Vi) e I^{zo) -i^Vi-VoK -V{{xo, Uq), {xi,Ui)). 

Proof. Clearly, the second case follows from the first on^ and, within this case, the first assertion 
follows from Lemma Then: 

(^) Consider a timelike connecting curve p, and construct the lightlike broken geodesic 7(5) — 
(?/(s), m(s), w(s)) provided by ProDOsition l3.3l with X = dy. Now, the y{s) part yields the non-strict 
inequality, which is sufficient as the equality cannot hold {I^{zo) is open and, thus, the non-strict 
inequality would follow also for a smaller vi). 

(<;=) If Au > then V{{xq,uo), {xi,ui)) is the infimum of all the Wy(|Au|) for lightlike curves 
(at no point tangent to dy) joining (xq, uq, 0) with the line {(xi, ui)} x R. Thus, for some sequence 
{emlrji \ 0, the point zq can be joined with p„i {xi, ui, vq + V{{xq, uq), (a;i, ui)) 4-em) by means 
of a future-directed lightlike curve, and, for m big enough, pm can be joined with zi by means of 
a (future-directed) integral curve of dy. Thus, zq < Pm < zi and, as the three points do not lie on 
an (unbroken) lightlike geodesic, zq zi. ■ 

Remark 4.4 (1) Proposition 14.31 also ensures that Mp- waves do not admit event horizons (ac- 
cording to the criterion suggested in [311 Sections 2.2.4] and refined in [20l Subsect. 3.2]), as any 
event zo can be joined with any line {{xi, Mi)} x M by means of either a future-directed (if uq < ui) 
or a past-directed (if uq > ui) timelike curve. This is similar to the inexistence of horizons in any 
spacetime which is standard static (on the whole manifold). 

(2) Due to the nature of our problem the domain of functional J7^" will be the set of piecewise 
smooth curves C{= C{xo,xi; |Au|)). In fact, we will be interested in the qualitative properties of 
the infimum of J7^" when Am tends to some Aoo , but not in the existence of a curve minimizing 
J„^". When such a curve becomes relevant, a typical technical step is to enlarge C by including 
curves with a lower degree of smoothness (H^ curves) — remarkably, this happens in the problem 
of geodesic connectedness, see [T3]. But even in the case of considering curves in such a enlarged 
C, the corresponding curves of the Mp-wave (constructed according to Lemma are still causal 
[141 Appendix], in the continuous sense explained in Subsection l3.1l 



''In what follows, even though the results will be stated for both, past and future, the proofs will be done only 
for one of them if there is no possibility of confusion. 
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Computation of / (z) (Prop. 14. 3p : 
Arrival map for a lightlike congruence 
F : (M X K) X (M X R) [-00, +00] 
(connect cans, (xo, uq) with {xi, ui) x M ) 



i 



Fmictional approach (142]) — (l^i]) : 
y ~ Infimum Lagrang. action 
on curves in C{xq, Xi; |Au|) 



i 



Computation of a past set P: 

P = /"[7], 7 lightlike as in Lemma [4?2l 

Limit for Inf(J'„^") on C{xq, xa;\^u\) 

{XA = x{ua), Ua = Uq + Au y Uoo) 



Figure 2: Emergency of the functional approach 

5 Conditions on function F and functional J' 

In order to get more information about the causal cones of these spacetimes, some technical condi- 
tions on functional jZf^" become crucial. These conditions are satisfied under natural restrictions 
on the growth of F. So, let us define first such relevant types of growth. 

Definition 5.1 Let M be a connected Riemannian manifold, and consider the chosen point x G M 
in i2.2\) . A function F : M x M ^ K will he said: 

(i) superquadratic if M is unbounded and contains a sequence of points {pm}m. C M such that 
\pm \ 00 and 

Ri ■ + Ro< F{pm,u) Vu e M, 

for some e, i?o G R with e, i?i > 0. 
(ii) (spatially) at most quadratic if there exist continuous functions Rq{u), Ri{u) > such that 

F{x,u) < Ri{u)\x\^ + Rq{u) \/{x,u)eMxR. (5.1) 

Even more: (a) if 115. 1\) holds when |a;p is replaced by jxp"*^'"-* for some continuous e{u) > 0, 
function F is called (spatially) subquadratic, and (b) if M is unbounded and a lower bound 
analogous to hS.l]) also holds, i.e., 

i?f (M)|a;p + (u) < F{x,u) < Ri{u)\x\^ + Ro{u) 
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Ri (u) > then F is (spatially) asymptotically quadratic. 

(Hi) A-asymptotically quadratic (on Mp-causal curves), with A > 0, if M is unbounded and there 
exist continuous functions Rq(u), Ri{u) > and a constant Rq G R such that: 



Remark 5.2 (1) Of course, these definitions are independent of the choice of a; G M in (|2.2[) . The 
exact value of functions Ro,Ri is not relevant for the definitions and, thus, no more generality is 
gained if, say, a term in jxp^'^*^"-' is added to the right hand side of the inequalities in (ii) and (Hi). 
Obviously: 

subquadratic =J> at most quadratic no superquadratic 
A-asymptotically quad. =J» asymptotically quad. at most quad. 

(2) For definitions (ii) the possible growth of F with u is essentially irrelevant (as Ri, R^ 
depend arbitrarily on u). Nevertheless, this is not the case for the lower bound (<) in (Hi). The 
reason is that now the minimum quadratic behavior on F is required when computed on causal 
curves, i.e. for functions type u s- F{x(u),u). If A, Rq depended arbitrarily on u, the inequality 
would be very weak. In principle, one would be forced to make the bound independent of u, i.e., 
type A^|xp + Rq . Nevertheless, we allow a weakening of this bound just rescaling |a;| by dividing 
it by the same power of u, and even weaker conditions (as (|5.9p below) would suffice. 

(3) Notice that conditions (i), (ii)(b) and (Hi) impose restrictions on the minimal growth of F 
for large x and, thus, M is required to be unbounded. Nevertheless, condition (I5.1|l and (ii)(a) 
only bounds the upper growth of F and, so, if M is a bounded manifold, these definitions also 
make sense. In particular, any function on a compact M will be regarded as subquadratic. 

(4) As proved by the authors in [12] , if F is at most quadratic then the corresponding Mp-wave 
is strongly causal. Moreover, if the Riemannian manifold AI is complete and F is subquadratic 
then the Mp-wave is globally hyperbolic. It is worth pointing out that Hubeny, Rangamani and 
Ross also studied stable causality by constructing explicitly time functions [33] , and Minguzzi [ H] 
Th. 5.5] related analityc properties of (in the more general framework of Eisenhart metrics) 
with the possible causal simplicity of the spacetime. 

The following two technical conditions on J7^" will be extensively used. 

Definition 5.3 We will say that a Mp-wave M satisfies hypothesis: 

(HI). //, for each uq G K, there exists Ao(= Aq(uq)) > such that for every Au > Ag (resp. 
Au < —Aq), there exists a sequence of piecewise smooth loops a;,„ : [0, |Au|] M with the 
same base point x G M (i.e., Xm{0) — Xm{\Au\) = x) satisfying 

J^^^{xm) —OO when m ^ oo. (5.2) 



(H2). If hypothesis (HI) holds with Aq — for all uq. 
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Remark 5.4 Obviously, hypothesis (H2) impHes (HI), and there is no loss of generality assuming 
that the base point x is equal to the point chosen in (|2.2p . 

Condition (HI) can be expressed in a simpler way, because if (|5.2p holds for some Au = A > 
then it also holds for all Au > A (construct a piecewise smooth curve by "stopping" Xm during 
an interval of length Au — A). 

In the next two lemmas, appropriate asymptotic behaviors of F are proved to be sufficient for 
these hypotheses. 

Lemma 5.5 Hypothesis (H2) holds if F is superquadratic and —F at most quadratic. 

Proof. We will consider just the case Am > 0. Choose < S < Au/2 and take a sequence {pm}m 
as in the definition of superquadratic. Let the sequence of curves Xm '■ [0, Au] ^ M be defined as 
juxtapositions Xm ~ *Pm '* ctm 

am{s) if s € [0,5] 

x„iis) ^ ■{ Pm iise [5,Au-S\ (5.3) 

am(Au — s) if s G [Au — 5, Au], 

where am ■ [0, 6] — s- Af is a constant speed curve joining x to pm with length L,„ < \p„i \ + 1 for all m 
(if M were complete these curves could be chosen as minimizing geodesies of speed Lm /S — \pm \/S). 
Clearly, the first term of J7^"(2:,„) in (|4.3p satisfies the bound: 







6 

And, from the hypotheses on F, the second term satisfies: 

- J^^' F{x„r{s),u{s))ds = - F{x„i{s),ua + s)ds - J^^_g F{x„i{s),uo + s)ds 

~Js"~ FiXmis),Uo + s)ds /ggN 

< 2S{RiLl + i?o) - (Au - 26){Ri\p,n\^+' + i?o) 
= —Ri IPmP^'^ + (terms in \pm\^ and lower degree), 

for some constants Ri, Rq, Ri, Rq, Ri e M, with > 0. In conclusion, by adding (|5.4|) and 

((5?5|) and recalling (|43)) . 



Juo"{xm) < ^{\Pm\ + 1)^ - ^ \Pmf^" " (terms in lower degree)) , 
which clearly converges to — oo when m — > oo, as required. ■ 

Lemma 5.6 Hypothesis (HI) holds if the Mp-wave satisfies any of the following conditions: 
(i) F is X- asymptotically quadratic for some A > 1/2. 
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(a) M — R" and F is the quadratic form 

F{x,u) = '^fij{u)x^x^ , with fij = fji = for all j ^ 1, 

> \^ / {v^ + 1) for large \u\ and some A > 1/2. 
In particular, this includes the case F{x,u) = X^ILi l^ii^^Y with > 0. 

Proof. The very rough idea can be understood as foUows. The loops Xm required for (HI) will 
be chosen by going and coming back from x to an arbitrarily far point Pm, through a suitably 
parametrized (almost) geodesic Xm- Functional J'^^{xm) will be upper bounded essentially by 

/ {f - R^y^) du (5.6) 
Jo 

where y{u){> 0) represents the distance along Xm between x and Xm{u), and Ri{u) > Xu~'^ for 
large u and a < 2. Recall that: (a) essentially, the contribution of the integrand of (|5.6p is positive 
at the extremes (i.e., the base point of the loop), and negative around the maximum of y{u), 
and (b) for (HI), one only needs to study Aw > Aq, so, one can try to find Aq so big that the 
contribution of the negative term in (j5.6p (say, with the curve staying a big time at pm) is more 
important than the positive one. In fact, this is a good strategy when a < 2 but, in order to 
obtain an optimal bound when a — 2, the relative contributions of the negative and positive parts 
of (|5.6|) are delicate and depend heavily on the paramctrization of the curve. So, we will consider 
the Euler-Lagrange equation for this functional, that is: 

y = -R^y, 

with y{0) = 0. This is a concave function which, under our hypothesis, oscillates (in the sense 
of Sturm-Liouville theory) and, so, satisfies y{Au) = for some Am > 0. This will yield good 
candidates to extremize the functional and, then, to obtain arbitrarily large negative values for it. 
These ideas will underlie in the following formal proof. 

For case (i), let pm G M be any sequence with {|pm|}m ~> oo, and ■ [0, 1] — > M a sequence 
of constant speed curves joining x to pm, whose lengths Lm satisfy Lm — \Pm\ \ fast so that 

(0<) {L„,sf ~ \aUs)\^ < 1^0 VsG[0,l] (5.7) 

for some small I'a > (if M were complete, each a„i would be taken as a minimizing geodesic and 
()5.7|) would hold for i/q = 0). For some < e < 1 such that still eA > 1/2, let ye(s) be the solution 
of the problem: 

y,{s) = -Ri{s/e + uo)ye{s) with R^iu) = X^/{u^ + 1) 
VM = 1 (5.8) 
2/.(0) = 0. 

It is known from the very beginning of Sturm-Liouville theory that the lower bound 

limsup[s2i?j;(s/e + uq)] = e^A^ > 1/4 (5.9) 
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is the critical one for the existence of oscillatory solutions of (|5.8p . see |52[ Ch. 6.3]. Therefore, 
inequality l|5.9p ensures the existence of some Aq > (which may depend on e) such that j/e(AQ) = 
(see [28l Th. 9] as a precise result). 
From (|5.8p . obviously 

{yeVe) = y'! - Ri{s/e + uo)yl 

and integrating: 

Usfds- [ ° R^is/e + uo)-y4sfds = U^MA*)-U0)yM = 0- (5-10) 
Jo 

Now, for the chosen e e (0, 1), put 

Au:=Ao/e z{s) := {e ■ s) , 

and notice: 

z{s)'^ds — Jg^" Riis + uq) ■ z{sYds 

^^Io^° Usfds - i S^'' R^{s/e + uo) ■ y^isfds < 0, 

the last inequality clearly from (|5.10p . In conclusion, the sequence of curves 

Xm{s) := a„i{z{s)/zrnax), Zmax ■= max{z(s) : s e [0, Au]} 

will do the job for Am, i.e.: 

2J„^"(^™) = loll 1*™^')''^' ~ J,2FMs),u{s))ds 

< /o " ~ /o (Ri (s + uo)\xmis)\'^ + Rn (s + uo))ds 

- 'Sz Uo^" Ksfds - /g"^" R-{s + Uo) • z(s)2ds) 

^ /o^" ^fl + "o)rfs + /jf " i?,]; (s + UQ)ds 
— oo, 

the last limit because Lm, oo and the term in parentheses is negative. Notice that this divergence 
is shown for Am = Ag/e, which is sufficient according to Remark 15.41 

Finally, for (ii) repeat the same reasoning but taking instead the sequence of loops x^is) = 
{xl^{s), 0, . . . , 0) with x^(s) = L„i ■ z{s)/z„iax (here z{s) is derived analogously but using the lower 
bound for /n instead of i?j~). ■ 

Remark 5.7 Relevant types of plane waves and pp- waves satisfy some of the sufficient conditions 
in Lemmas 15. 5[ 15.61 Moreover, the behavior of F under condition (i) of Lemma 15.61 is quite 
general and the estimates optimal. Nevertheless, we have not tried to give a more general (but 
probably less simple and transparent) result. In fact, this case (i) does not include the case (ii), 
which is completely independent. Roughly, condition (HI) holds when the system corresponding 
to (j5.8p admits two zeroes. In particular, this happens when F behaves at least quadratically 
~ A^(|a;|/u)^, A > 1/2 (or just satisfying (|5.9p ) on the {x, u) part of a sequence of causal curves in 
M. with unbounded component x. So, a direction in the M part with this behaviour (where \x\/u 
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can be regarded as a sort of "rescaled distance") suffices, see also Remark 15.21 (2). This turns out 
the key behavior for the l-dimensional character of the causal boundary. 

On the other hand, by using Sturm-Liouville theory one can find conditions subtler than "A- 
asymptotically quadratic with A > 1/2" (or directly (|5.9|) ) in order to obtain the required oscillatory 
behavior for and, thus, (HI) (see for example [211 Th. 10], [52l Ch. 6.3]). Nevertheless, 

in the natural types of asymptotic behaviors considered here, our estimates (for A, powers of the 
distance and dependence on u) are the optimal ones, as shown in the explicit counterexample of 
Subsection 19.11 



Superquadratic F 

+ 

At most quadr. — F 

A — Asymp quad, 
with A > 1/2 
or 

analogous condit. 
in some direction 
or 

weaker Sturm 
condit. as (15.91) 



LemlSTS 



iH2) 



Lem 



(HI) 



/+(zo) contains ^ ThJO 
region u > uq 



Non-distinguishing 



I^{zo) contains 
reg. u > liQ + Ao 



Fig. H 



P, t -P explicit 
dA4 low dim 



Figure 3: Consequences of the behaviour of F: technical conditions (HI), (H2) (Defn. 15. 3p vs 
asymptotic conditions (Defn. 15. 1|) . The (A < l/2)-asymptotic case becomes critical (Section 19. ip 
and the subquadratic case globally hyp. with expected higher dimension of dA4 (at least in the 
case M complete. Sections 19.21 19.31 ) 



6 Non-distinguishing Mp-waves 

In this section previous results are applied in order to prove that, when F is superquadratic, the 
causal structure of Mp-waves may become "degenerate" in certain sense. More precisely, such 
Mp-waves will not be distinguishing. As this is the minimum hypothesis in order to identify the 
points of A4 with pairs (P, F), these Mp-waves cannot admit a causal boundary. Nevertheless, 
this does not mean that these spacetimes may not be useful from the AdS/CFT viewpoint [|34j£|. 



^Figure 1 in this reference may also help to understand the geometric situation. 
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6.1 The general result 



Theorem 6.1 A Mp-wave satisfying condition (H2) is neither future nor past- distinguishing. 
More concretely, under this hypothesis 

/+(zo) = M X {uq, oo) X R WzoeM 
I^{zq) = M X {-(X),uq) X E \/zo e M. 

In particular, this happens if F is superquadratic and —F at most quadratic. 
Proof. From Lemma |4.1[ to show 

M X (mo,oo) X M C /+(zo) 

suffices, and by Proposition 14. 3i it is enough to check 

lnfcJi^V{{xo,uo),{xi,ui))) = -(X) when ui > uq- (6.1) 

Thus, put Au — ui — Uq and choose < 6 < Au/2. From (H2) there exists a sequence Xm ■ 
[5, Au — S] ^ M satisfying the corresponding divergence ()5.2p . So, if a : [Q,S] M and /3 : 
[Au — (5, Am] M are two fixed smooth curves joining xq to x and x to xi, respectively, the 
sequence of juxtaposed curves (as in (|5.3p ) {P-kXm*0(}m satisfies the required divergence for (|6.ip . 
■ 

Remark 6.2 If F is lower bounded then —F is at most quadratic trivially. Thus, Th. I6.1l extends 
our previous result [111 Prop. 2.1]. On the other hand, Th. 16.11 can be extended clearly to obtain 
the cases future and past distinguishing independently (split condition (H2) in future and past 
cases in an obvious way). 

As it is well-known, plane waves are always strongly causal, and thus, cannot lie under the 
hypotheses of previous theorem. However, this result is useful to decide if many other pp- waves of 
possible interest to string theorists can admit a causal boundary. 

6.2 Some remarkable examples 

Essentially, the following examples are taken from Hubeny and Rangamani [30] . The expectations 
to obtain a 1-dimcnsional boundary are truncated here, as the pp- waves may be non-distinguishing 
-a possibility already suggested by the own authors and Ross in [55] . 

(1) Consider the pp-wave 7W = R" x with 

F{x^, . . . , x", u) — coshx^ — cosx^. (6.2) 

This spacetime leads to the J\f = 2 sine-Gordon theory on the world-sheet in light-cone quanti- 
zation. A4 does not admit a causal boundary, since function F in (j6.2p is bounded below and 
superquadratic (take for example p,n = (™, 0, . . . , 0) in Definition [5Tl] (i)), and so. Theorem 16. II (or 
previous computations in [121 [S^) applies. 
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(2) Consider the generalization of previous case to a pp-wave with 

j 

In [30] the authors studied the case of a single coordinate F{x,u) = f{x). They stated that 
the causal boundary is 1-dimensional whenever f{x) is bounded from below and, in addition, 
f{x — > ±00) — !■ +00. This agrees with our results if / ~ at infinity. However, from Theorem 
16. 1[ these conditions lead to non-distinguishing spacetimes whenever / (or one of the functions fj) 
behaves superquadratically (for example, F{x, u) = x'^) and thus, the boundary is not well defined. 

(3) Another examples in j30j are the 4-dimensional vacuum pp-wave spacetime with F{{x^, x'^), u) = 
— sina;^e^ or the 5-dimensional pp-wave = M'^ x K.^ with 

F{r,e,(t),u) = r^(5cos3 6'- 3cos6l). 

In these cases, function F is superquadratic but —F is not at most quadratic. However, condition 
(H2) still holds because both conditions on F hold in at least one direction, say xi = — 7r/2 for 
the first example, ot 9 = for the second one (explicitly, take, say, Xm{s) = (m sin -^^s, 0, 0) in 
the second example). Thus, the causal boundary is not well defined again by Theorem 16. II 

(4) Finally, consider an arbitrary 4-dimcnsional vacuum pp-wave spacetime; i.e., 

M=«.^, (•, •)l = d{x^f + d{x'^f ~ F{x, u)du^ - 2du dv, 

with function F{x,u) spatially harmonic {d^iF + d^2F = 0). As pointed out in [20], in this case 
there are only three possibilitiefl (i) either F is superquadratic, and thus, the causal boundary 
makes no sense in general, or (ii) F{x^,x'^,u) — f{u){{x^)'^ — (a;^)^) -I- 2g{u)x^x'^, and then we 
have a plane wave (see Subsection 18. 3p . or (iii) F{x,u) = a{u) -\- h{u)x^ + c{u)x^ . In this last case 
the pp-wave is Lorentz-Minkowski spac^, and thus, the causal boundary is the classical double 
cone (also for the new concept of causal boundary [TS', Example 10.1]). 

7 Boundaries in strongly causal Mp-waves 

From now on, the ambient hypothesis on M will be strong causality, so that admits a causal 
boundary with a natural topology. Nevertheless, we will state it explicitly because most of the 
computations in the next subsection are valid for any Mp-wave. 
From Corollarv l3.5i only (right) inextendible v-lightlike curves 

7 : [O,z/Aoo) ^X, J/Aoo e (0,00], (7.1) 

with 7(5) independent oi X — di, for all s, are needed in order to compute the pairs (P, F) E dAi. 
Here again v = ±1 keeps track of the causal orientation of ^ (v ~ 1 for future-directed 7 and 

^For each constant u, either the harmonic function F{-,u) is superquadratic or it is polynomically bounded, and 
thus, it becomes a polynomial (of at most the degree of the bound; in this case, 2): the result is well-known for 
holomorphic functions; for harmonic ones stronger results can be seen, for example, at |35l Lemma 4.1], 

^Moreover, in this case the pp-wave would be incomplete, according to a conjecture by Ehlers and Kundt 1171 . 

^Notice that the curvature vanishes (see for example 13. Sect. 2], |20l formula (3)]) and the spacetime is complete 
| 13l Prop. 3.5] and simply connected. 
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1/ = — 1 for past directed) and, so, 7 will denote /~[7], T 7 (resp. /^[7], J, 7) if ;/ = 1 

(resp. v = —1); for simplicity, the reader can consider the case v = 1 and check the final expressions 
for V — —1. In what follows, we will work under a reparametrization 7(5) = {x{s),u^{s),v(s)) as 
in Lemma \4-.2\ notice that v{s) is given by {4^.2^ with E{s) = 0. 

We also put 7(0) — zq = {xo,uo,vq) and Uoc — uo + ^00 G [—00,00]. For any vA G (0,i^Aoo), 
we will consider the restriction 7|[o,,yA] and put 7(j^A) = za = (xa^uAtVa)- 

Remark 7.1 Recall that the curve 7 must be inextendible. As 7 is reconstructed from its spatial 
part, X will be said inextendible when: (i) vAao = 00 (i.e., 7 is inextendible in u), (ii) vAao < 00 but 
X is not continuously extendible to uAac (7 is inextendible in x), or (iii) vAac < 00, a; is continuously 
extendible to i^Aoo but the (total kinetic) energy diverges, i.e.: (1/2) °° \x{s)\'^ds = 00 (7 is 
inextendible in v). 



7.1 General expressions for P,F, 1 P, [ F 

Let us start with /~''[7]. From Proposition 14.31 a point zq = (2^07^^0,110) G -M with vuq < i^Uoo 
lies in /~''[7] if and only if (recall the symmetry of V, see (I4.6P '). 

i^ivA - vo) > V{{xo,uo), {xA, ua)) (7.2) 
for some i/A > (close to vAoo). Put 



Va = i^{vA - vq), 
VAixo,uo) = V{{xo,uo), {xa,ua)){= V{{xa,ua), (xo,wo))), 



(7.3) 



(7.4) 



that is, 

Va= Ul^^(]x{^r~F{xis),uAs)))ds 
Va(So,uo) infcJ^ = infyec Jo^^ {\y{s)\^ - F{y{s),uo + Ds))ds^ , 

where 

A := UA — uo (7.5) 

(here C = C(xo, xa] \ A\) is the set of piecewise smooth curves defined in [0, | A|] joining xq with xa, 
and V = A/|A|; recall also that, by hypothesis on zq, v = D for A close to Aoo). Now condition 
()7.2I) translates into 

Va — Va{xo, uq) > i^ivo — vq) for A close to Aoo. (7.6) 



Lemma 7.2 The left-hand side of |y.g[ ) is non- decreasing when j/A /* i^Aoo. 

Proof. Close to I'Aoo and for small ve > 0, we have vuo < vua < i'UA+ei< vuoo), and by using 
the triangle inequality (|4.5p : 

Va+. = Va + \ SlAt'\\i{s)\' - F{x{s),uAs)))ds 
VA+e{xQ,uo) < Va(So,uo) + infyec'5 /i^^'' (li'('S)P - F{y{s),uo + i^s))ds, 
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where now C is equal to C(a;A,2:A+e; '^e) up to the reparametrization (by means of a translation) 
with domain [|A|, |A + e|]. Thus, as claimed, 

V/s,+e - Va+c(So,"o) > Va - Va(5o,mo)- 

■ 

Thus, taking the limit i/A y v/S.oo in (|7.6p . the following result is obtained. 

Proposition 7.3 Let j be a inextendible v-lightlike curve (as in \7.1^ ). For each zq ~ (xq, uq, vq), 
put: 

b'{xo,uo)= lini (Fa - V^a(xo, mo)) (7.7) 



(with Va, VA(a;o, Wo) defined in 1^7.3^ ). Then: 

^ {zq e M : vuq < vuoc and b~{xo,Uo) > '^(vq - vq)}. 

Next, let us consider the common future (or past) f 7 for 7. From Proposition 14. 3[ a point 
Zq = (xq^uq^vq) G A4 with i/uq > vUoc lies in /^'^[7(i/A)] if and only if (recall the notation in 

iy{vo - va) > VA.(a;o,uo) 

that is, 

Va + Va{xo,uo) <v(vo-vo). (7.8) 

Reasoning as in Lemma [721 the triangle inequality (|4.5p implies that the left-hand side of (|7.8p is 
non-decreasing with vA (but now apply it taking into account vuo > vua+e > vuai for i^e > 0). 
So, the non-strict inequality will hold in (|7.8p when the limit vA /' vAoa is taken. This will be 
the key for the following result. 

Proposition 7.4 Letj be a inextendible v-lightlike curve (as in \7.1^ ). For each zq = {xq^uq^vq), 
put: 

b+{xo,uo)^ lim {Va + Va{xo,uo)) (7.9) 



(with Va, VA(a;o5 Wo) defined in !i7.3]) ). Then: 

V 1 ^ /+''[{zo e M : vuo > vuoo and 6+(xo, uo) < v{vq - vq)}] 

Proof. (For v = 1). The inclusion C for "f 7 follows easily from the reasoning above. 

For the converse, let ^ zo, with zo such that wq > Uoo and 6+(xo,?2o) < wo — vq. We can 
choose Zq Zq » zo and we only need to show Zq 3> 7(A) for all A. Since Va + VA(a;o,wo) is 
non-decreasing, the condition on &+(xo,wo) implies 

Va + Va{xq, uq) <vo- vo, for all A. (7.10) 

On the other hand, condition Zq ^ zq implies 

Viixo,uo),ix'^,u'^)) <v'^-vo- (7.11) 
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Thus, adding (|7.10[) . (|7.1ip and using the triangle inequahty (|4.5p : 



that is, 

as required. ■ 

Recah that, by using Lemma 14. 2i the hghthke curve 7 in previous two propositions can be 
reconstructed from its initial point 7(0), its a;-part and its future or past causal character = ±1; 
in particular, functions can be constructed from uq, v and curve x{s). Nevertheless, in order to 
obtain the sets Y ^""^[7] associated to each /~'^[7] by means of these propositions, one must take 
into account that technicalities appear when 7 (necessarily a lightlike pregeodesic) is not included 
in /^''[7] (in fact, here perhaps Y 7 -^"[7]; recall Remark [3. H and Corollarv l3.5[) . Fortunately, 
the following lemma shows that this situation cannot happen in our case. 

Lemma 7.5 Let 7 : [0, |Aoo|) —^Mbea inextendible v-lightlike curve constructed from Lemma 
\4-2\ Then there exists an inextendible v-timelike curve p : [0, |Aoo|) M. such that L~^['y\ = L~'^[p\ 
and Y 7 ^Y P- 

Proof. Construct p from 7 as follows. Take some negative function E{s) < with — /g^°' ' E{s)ds = 
e G (0,00). Then, p will have the same parts u{s),x{s) of 7, but compute the v{s) part from (14. 2p 
using the chosen function E{s) and replacing vq by vo — ve. Obviously, I~'^['y] 2 L~'^[p] and 
Y 7 '^Y P- For the converses, remake the proofs of Propositions 17.31 17.41 for p, checking that the 
additional term in E{s) does not affect to the limits for 6*. ■ 

Summing up, this subtlety plus Propositions 17. 3i 17.41 yields the following characterization of 
TIP'S and TIF's. 

Theorem 7.6 Any TLP, P (resp. TLF, F) of a strongly causal Mp-wave h2.1\) is constructed as 
follows. Take {uq,vq) G M^, a piecewise smooth curve x : [0, |Aoo|) ~* M inextendible to |Aoo| (in 
the sense of Remark \ 7. J| ) and the function b~ associated to uq,x and v = 1 (resp. v = —\) from 
Lemma and {1. 7| ). Putting Aoo = J^|Aoo| and Uoo = mq + Aoo one has: 

P = {zq e M : uq < Uoo and b''{xo, uq) > vq — vq} 
{resp. F = {zq e : uo > Woo and b^{xQ,UQ) > Vq ~vq}). 
Even more, taking also the function 6+ from |y.ff[ ); 

1 P = /^[{zo E M : Uq > Uoo and fe+(xo, uo) <vo — I'd} 

{resp. i F = I^[{zq e M : uq < Uoo and 6+(xo,?2o) <vo- Vq}). 

Proof. Let P be a TIP. By Corollary 13. 5[ P can be written as the chronological past of a 
lightlike curve 7 as in (|7.ip . Applying Propositions l7.31 l7.4l to 7 the required expressions for P,1 P 
holds. 

Conversely, let P be a set defined as in the expression above, and take the associated inextendible 
future-directed lightlike curve 7 such that P = By Lemma [7.51 P is a TIP and "f -P =T 7, 

as required. ■ 
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Figure 4: Computation of P, 1 P in strongly causal Mp- waves. The scheme of general computation 
in terms of Buseman type functions is summarized in the four upper boxes. In the two bottom ones, 
under some mild technical simplifications, hypothesis (HI) implies the 1-dimensional boundary. 
In boldface crucial conclusions, beyond the technical development. 
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7.2 Boundary for M complete, |F| at most quadratic 

In order to get a manageable causal boundary we need to impose not only strong causality but also 
a pair of (natural and not too restrictive) hypotheses more. The first one is the completeness of the 
Riemannian part M. Otherwise, the Riemannian Cauchy boundary of M (i.e., the boundary for 
the completion as a metric space by using Cauchy sequences) can complicate the causal boundary. 
Technically, completeness yields the following well-known property, to be used later. If the curve 
X : [0, |Aoo|) — > Af, |Aoo| < oo is not continuously extendible to |Aoo| (i.e., it lies in the case (ii) of 
Remark l7.1|) then the completeness of M implies that its length diverges and, by Cauchy-Schwarz 
inequality, so does its energy, i.e.: 

\i{s)\^ds = 00. (7.12) 

The second one is that not only F must be at most quadratic (which is the natural sufficient bound 
for strong causality [HI Th. 3.1]), but also so must be Otherwise, other interesting geometric 
properties of the spacetime, as the geodesic completeness of the whole Mp-wave, may be destroyed 
(even in the simplest case of M complete and F independent of u), see Remark 17.71 

Under these two hypotheses, we will obtain a technical property for t 7 or J, 7 (Lemma [7.81 ^11)). 
plus a remarkable simplification for TIP's and TIF's, namely, any TIP determined by a {v = 1)- 
lightlike curve with |Aoo| < 00, is just the region u < Uao (Lemma l7.8r i)). 

Remark 7.7 This simplification is also pointed out in [30l Sect. 5.1]. Nevertheless, the hypothesis 
\F\ at most quadratic is missing there. The following example shows that it cannot be dropped. 
Consider the (3-dimensional) pp-wave M —M.^ with F{x, u) = — x^. This is globally hyperbolic (as 
F is subquadratic) and incomplete. In fact, the future-directed lightlike geodesic 7 : [0, Mqo) -M, 
7(5) = {y(s),u(s),v{s)) determined by 

ry I 
Jo ^l + t 

is incomplete, as Uoo (the integral until y — 00) is finite. Obviously, [7] C {zo : mq < Uoo} 
hut the inclusion is strict. In fact, y{s) strictly minimizes functionao /q*" (^^(■s)^ + x{s)'^)ds for all 
So € [OjMoo). From (|4.4|) the arrival function V satisfies: 

l/((0, 0), {y{u), u)) = i ^ {y{af + y{<7f)da = v{u), G (0, u^). 

So, from the interpretation of V (Prop. 14. Sp . (0,0, wq) ^ ^ (7(w)) for any u g (0,Uoo), whenever 
> 0. 

In order to avoid these difficulties, from now on we will assume that is at most quadratic 
and M complete: 

^This can be checked from general arguments: (a) looking at the functional as a Lagrangian with negative 
"potential" V = —x'^/2, a minimum must be attained for each sq £ (0,1*00), (b) this minimum must be attained 
by a solution of the corresponding Euler-Lagrange equation x — 2x^ = (one of its solutions being y{s)), and 
(c) the boundary conditions x(0) = j/(0) = 0, x(so) = s;(so), determine univocally the solution (recall that, from 
standard theory of equations, a second solution x{s) would be fixed univocally by x(0),a;(0), but, for example, 
3;(0) > y(0) => x{so) > y{so)). 
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Lemma 7.8 Under these two hypotheses, if the inextendible causal curve 7 : [0, j^Aqo) M. 
satisfies i/Aoo < 00 then: 

(i) 6~(xo,uo) = 00 if vuq < vUoQ, 

(ii) there exists v5 > Q such that 6''"(io,i*o) = 00 whenever vUao < i^u^ < v{uoo + 5). Even 
more, \5\ ~ 00 if F is subquadratic. 

Proof. Since 7 is inextendible, so is its component x, thus, its energy (I7.12|) diverges. From the at 
most quadratic behaviour of \F\, and the fact that the image of u^, lies in a compact subset, we 
have, up to an additive constant: 

2Va>Aa:^ \x{s)\^ds-R \x{s)\^ds, for some i? > (7.13) 
Jo Jo 

(recall the first formula in (|7.4p V 

(i). As Va{xo,uo) is obtained taking an infimum in (recall A — ua — uq ~ A + uo — uq)), 
from Prop. 17.31 it is enough to exhibit a curve j/a G C{xo,Xa', |A|) for each A close to Aqo, such 
that _ 

^hm^FA- J'^(2/a) = (X3. (7.14) 

Concretely, yA will be taken as a minimizing geodesic. In fact, for some constants Ci, C2 > (and 
assuming xq = x m (|2.2p without loss of generality) 

2JJ(2/a) = ^ - F(2/a(s), uo + vs)ds < C,\xa\^ + C2, 

the equality by taking into account the minimizing character of yA, and the inequality by the 
at most quadratic bound of \F\ and the fact that |A| is bounded (|Aoc,| < 00). Therefore, the 
mentioned inequality 2Va > plus Corollary IA.2I (its last assertion) yields the required limit 

(a). As we have seen Va diverges and, thus, it is enough to prove the existence of i/S > such 
that VAixoiUo) is lower bounded for any vA £ {0,1^6). From the at most quadratic behaviour of 
F we have _ _ 

2 (y) > / \y{s)\^ds~ j (i?i |y (s) p + R^)ds 
Jo Jo 

for any y G C{xo, xa', | A|) and for A such that lyA > i^(Aoo — 1) (so that the coefficients Ri{u), Rq{u) 
for at most quadraticity can be replaced by their maximums in u). Then, the required 6 and lower 
bound are straightforward from Proposition lA.3l ■ 

Notice that part (i) of Lemma l7.8l plus Proposition 17.31 vield: 

I^^ll] = {zo £ M : vuo < i^Uoo{< 00)}, 
and the part (ii) joined to Proposition 17.41 vield : 

r 7 C {za e M : vuq > v{uoo + 5)}, 

which is an information additional to Theorem 17.61 

Summarizing, the two ambient hypotheses of Lemma 17.81 yield the following strengthening of 
the conclusions of Theorem 17.61 
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Theorem 7.9 Let M be a Mp-wave with \F\ at most quadratic and M complete. Choosing 
{uq,Vq) £ M^, X : [0, |Aoo|) M and b^ as in Theorem \ 7. 6\ the equalities for non-empty past 
and future sets read as: 



Even more, for each P , F as above there exists u5 > Q such that: 

t P = ■ uq > Uoo + i^S and 6+(xo,'"o) <va- vq} C {zq : -Oq > "oo + i^S}, 

{resp. i F = I^[{zo : uo < Uao - vS and b'^{xo, uo) < vq - vq} C {zq : uq < Uao ~ I'S}), 
and, if F is subquadratic, one can take S — oo, i.e.: 



Remark 7.10 Notice that, in order to write the pairs (P, F) £ dA4, a TIF F cannot be S'-related 
with two tip's P, P'. In fact, the corresponding Uoo should be finite for P and P' (otherwise, the 
common futm'c would be empty) and, thus, one of them, say P, would be included in the other, 
P' (contradicting the maximality of P in | P). 

In the subquadratic case for |P|, dA4 is the union of all the pairs (P, 0) and (0,P); in partic- 
ular, no ideal points in dM and dAi are identified (this is a general fact, for globally hyperbolic 
spacetimes [18i Th. 9.1]). In the general at most quadratic case, pairs (P, P) with none of the 
components empty are allowed (as well as identifications between points in dAi and dAi). But, 
even in this case, a non-empty P can form an ideal point with at most one P, and viceversa. 

8 Mp-waves with natural 1-dim. dA4 

8.1 Collapsing to i"^ 

We begin by studying the case of lightlike curves with diverging component u. 

Proposition 8.1 Let Ai be a Mp-wave with \F\ at most quadratic, M complete, and satisfying 
condition (HI) in Def. \5.3l If ^ : [0, oo) — i- Ai is a v-lightlike curve, then 



Proof. Clearly, the second equality directly follows from Theorem l7.9l For the fist one, fix zq G A^. 
Again from Theorem 17. 9|, it suffices to show that b^{xQ,UQ) = oo. To this aim, we only need to 
prove (recall (|7.7p ): 





T P = 



iP = 0. 



Va{xo,uo) = (infcJ'^ =) - oo 



for all A big enough 



(8.1) 
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with A = A + wq — uqi and C = C(a;o, xa; | A|). Choose all the A's such that A — 2 is greater than 
the value of Aq = Ao(uo + 1) given by hypothesis (HI). Consider the following constant speed 
smooth curves: a : [0, 1] — > M joining xq to x and /3a '■ [A ~ 1, A] M connecting x to x{A). Let 
Xjn be the sequence of piecewise smooth loops provided by hypothesis (HI) for ug = mq + 1 and 
Au = A — 2. The sequence of juxtaposed curves yAm — Pa * Xm * ct, i.e., 

r a{s) if s e [0,1] 

yA„(s) = < x,n{s-l) ifse[l,A-l[ 
[ Pa{s) ifse [A-1,A], 

satisfies: _ _ 

= ilength(a)2 + ilength(/3A)^ _ 

~5 Jo F{a{s),uo + s)ds - \ J-^_^ F{i3a{s),uo + s)ds 

Thus, hypothesis (HI) ensures that J^{yA^) goes to — oo when m goes to +oo, and (|8.ip holds, 
as required. ■ 

With this result and Theorem 17.91 at hand, our aim in the next subsections is to formalize 
precisely the cases when the boundary of the wave is a lightlike line. 



8.2 Case asymptotically quadratic 

Now, if we take into account the boundary construction in Subsection I3.2[ we can establish the 
following result: 

Theorem 8.2 The causal boundary dAi of a Mp-wave with F \- asymptotically quadratic for some 
A > 1/2, and M complete has the following structure: 

(a) As a point set, two copies L^,L^ ofR, with eventual identifications between the points of 
the copies, plus two ideal points i'^ , i^ . In fact, dA4 will be written as a union (non-necessarily 
disjoint, due to the identifications) dAi = dAiUdM where dM = i+U{i+} and dAi = {i^}UL^ . 

(b) Topologically, the following natural homeomorphisms hold: dM. = (—00,00], dAi = [—00,00). 
Moreover, dAi is a quotient topological space with the possible identifications allowed in (a) above. 

(c) Causally, dM , dAi , with the restriction of the weak causal relation in dAi , are totally 
ordered and weakly locally lightlike (i.e., each Q in, say, dAi has a neighbourhood C C dAi such 
that: any Qi, Q2 & ^ o,fs weakly horismotically related in dAi if and only if Qi < Q2 as points of 
(-00,00];. 

Proof. From Lemma [5.61 (i) and Definition 15.11 (Hi), the hypotheses of Theorem 17.91 Proposition 
IS.ll hold. Therefore, directly from Proposition l8.ll and Theorem 17.91 

r[-f]^M, T7 = ifAoo = oo, 

^"[7] - {^0 : uo<u^} _ if Ao, < 00 (8 2) 

t7 = /+[{zo: uo>u^ + 6, b+{xo,uo) + vq - vq < 0}] °° 
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for any future-directed lightlike curve 7 with u(s) — uq + s. Thus, the future causal boundary dA4 
contains the ideal point and a copy corresponding to the line Uoo € (—00,00). Moreover, 
the chronological topology clearly attaches i+ to the right extreme of L+ (and it is the natural 
topology on On the other hand, any two points Uoo,u'^ £ Uoo < u'^, are weakly causally 
related, since the corresponding pairs of terminal sets {P,F), {P' , F') satisfy: 

P ^ {zq -.uq < Uoo} C {zq : uq < u'o^} = P'. (8.3) 

Moreover, taking into account that F P C {zq : uq > Uoo +5} for some 5 > (recall Theorem 
17. 9p . one has, for Uoc < u'^ < u^o + <5, 

F C^ P' d {zq : Uoo + 5 <un < u'^o} = 0- 

Whence, (P, F), (P', F') are not chronologically related, and dM is weakly locally lightlike. 

Analogously, the past causal boundary dM can be represented by another copy L" of the line 
Uoo G (—00, 00) plus the ideal point i~ attached at the left extreme, and is weakly locally lightlike. 

Finally, the (total) causal boundary dM is formed by U U U {i^}, up to eventual 
identifications between those ideal points in i"*" represented by the same pair of terminal sets, 
and all the conclusions follow. ■ 

Remark 8.3 Notice that we have stated only the weak causal relation, as we have proven P C P' 
in ()8.3p but not F' C F. The possible difficulty for this inclusion appears only in the very particular 
case that F' is a maximal TIF into t P, and P' a maximal TIP into j F' , and thus F = %. This 
situation cannot happen if, for example, F{x,u) is independent of u, since then F is maximal TIF 
into 1 P if and only if P is maximal TIP into IF. As a consequence, the boundary in this case 
becomes locally lightlike for the natural causal relation. 

8.3 Plane waves 

Consider now the case of a plane wave M = M" x , 

F{x,u) = ^ fij{u)x'x', fij = fj,. 

For simplicity, assume that F has the form of Lemma ISTHl (ii) and, thus, falls under the hypotheses 
of Th. EH and Prop. [HI Then, reasoning as in Th. [821 

Theorem 8.4 The causal boundary of a plane wave with fij = for all j 7^ 1, and fii{u) > 
A^/(m^ + 1), for large \u\ and some A > 1/2, is as described in Th. \8.Sl Remark \8.3[ 

Remark 8.5 Some particular cases where fij is diagonal have been computed by Hubeny and 
Rangamani in [3D], and it is worth comparing here. They used the existence of "oscillating 
geodesies" as an evidence of a 1-dimensional boundary. The items in [301 Subsection 4.3] la- 
belled 1, 2, NLl, NL3 as well as the case /ii(u) = l/(it^ -I- 1) of item 4 (or the singular case NL2) 
do have such oscillating geodesies, and are particular cases of Th. 18.41 The case /ii(w) = cosm 
(item 3), is included in the technique, as it satisfies trivially the inequality (|5.9p and, thus the 
conclusion of Lemma l5.6l holds (see Remark [?77| . In the singular case f{u) = X^/u^ (item 6) they 
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obtain oscillatory geodesies for > 1/4, also in agreement with Th. 18.41 As shown in Subsection 
IQ.ll bv means of a counterexample, one cannot expect a 1-dimensional boundary even in the limit 
case = 1/4. So, it is not surprising now that, if /ii(w) = e~" (as in [30l Subsect. 4.3, item 5]) 
the oscillatory behaviour ceases. 

Very roughly, in our approach the infimum of some functional is considered, and in Hubeny and 
Rangamani's just the (lightlike geodesies associated to the) critical curves of this functional. Of 
course, when the infimum is attained the minimizing curve is critical, but our functional approach 
has clear advantages. In fact, it relies only on the qualitative functional properties rather than on 
the exact details of the Euler-Lagrange equation. The oscillating geodesies in the most accurate 
Hubeny and Rangamani's results, imply the existence of a solution with two zeros for the Euler- 
Lagrange equation of our simplified functional (j5.6p (see the discussion around this formula), and 
this is enough for the results. 

Recall that only the 1-dimensional character of the boundary is ensured by Th. 18.41 18.21 The 
question of establishing which ideal points in and must be identified becomes hard, and 
depends on the behaviour of function in (j8.2p . The only additional information on 6"*" is provided 
by Lemma FTSl ii) (or, equivalently, by the expressions oi ^ P, [ F m Th. 17. 9p . 

Nevertheless, identifications can be easily computed in the highly symmetric case of plane waves 
with F{x, u) independent o£^M, i.e., F{x,u) = 

^ , with fXij symmetric coefficient matrix. 
Here, each t P is equal to some F and viceversa [36]. As remarked in 36J, these Mp- waves contain 
many interesting examples for string theory (maximally supersymmetric 1 1-dimensional solution 
obtained from the Penrose limit of AdS4 x S'^ and AdS7 x S*^ _9 , partially supersymmetric plane 
waves in ten dimensions [16, 4^(40], including the Penrose limit of the Pilch- Warner flow [15, 25, lOj). 
Due to the exceptionality of this case, we will not attempt a very general result here. Simply, we 
will give an extended version of the result in ^36], in order to check how our technique works. More 
general results would rely on the possibility to reformulate Lemma 18.61 below and extend formulas 

dEl, (EH). 

Concretely, now we assume that function /n in Th. 18.41 is constant and equal to the biggest 
eigenvalue /ii of the matrix fijiu), and /ii > 0. 

Lemma 8.6 Under these hypotheses, let 7 : [0, |Aoo|) M. he an inextendible v-lightlike curve, 
with |Aoo| G (0,00), i^Aoo > and Uoo '■= uq + Ao^. Then: 

7/1/ = 1, I 7 = R" X (moo +7r/Aii,oo) X M. 

7/ 1/ = -1, i 7 = M" X (-00, Uoo - tt/a^i) X R- 

Proof. (For i/ = 1.) D. Clearly, if Zq e K" x {uoo + 7I'/a*i,oo) x R then Zq ^ Jq for some 
"zo = ixo,UQ,vo) with Uq = Moo +7r//ii. Therefore, from Proposition 17.41 the required inclusion 
follows by proving b'^{xQ, uq — Uoo + ti'/mi) = —00, or just (recall ()7.9|) ): 

Va{xq, Uq) = —00 for all A < Aoo close to Aoo. (8-4) 

Thus, for A close to A^o, consider |A|(> tt/^i) as in ()7.5|) and take < Sa < |A|/2 small enough 
such that ^ 



^"They are usually called homogeneous plane waves, even though the name locally symmetric is intrinsic and 
seems more appropriate, see for example [23] ■ 
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Define the juxtapositions 



-4^s + x(A) if.se[0,<5A] 



yA„(s) = <( (yijs),0,...,0) ifsG [(5a,|A|-5a] 



xq_ 
5a 



with 



^^£asHa^ if-se [|A|-5a,|A| 



VaJs) = msin ( ,_ _ {s - Sa) ] Vs S [^a, |A| - ^a]. 



Then, from (|8.5p we obtain 

|A 



^nl(yA„J = i /r^lyA„(5)P - F{yA,Js),UA + s))d.s 



Z J u 

iff'' 

2 yjs. 



< Uif '"'^ i#St)^/if + Aa 

— _£a™'' 4- a a 

4(|A|~25a) 

for some Aa G K independent of m. Summing up, J,^^{y/\„^) — > — oo when m — > +oo, and 
holds. 

C. We wiU prove that, if Zq ^ R" x (uoo + tt/^i, oo) x M then zq ^ nA-f^[7(A)] for any zq ^ 
(and thus, Zq ^"f 7). From Lemma |4.1[ uq — Uao < ti'/mij ^^^d by Prop. 17. 4i it is enough: 

VA(a;oj'"o) > is lower bounded for all A < A^o close to A^o (8-6) 

(recall (|7.9p and the fact that Va — > 00 because of (|7.13p and Cor. IA.2[) . From the hypotheses, 
1^1 < (tt — eo)/Mij for some cq > 0, and for all A < A^o close enough. Therefore, 

> ifc C \yi^)\'ds - ^ C Ivi^rds) . 

As Va{xo,uq) is obtained by taking the infimum in this expression, the bound for A in Theorem 
lA.ll (see Appendix) ensures (|8.6|) . as required. ■ 

Theorem 17.91 and Lemma 18.61 tell us that the pair ( J~ [7] , t 7) with u y Uoo coincides with 
(J, 7, /+[7])) with u \ Uoo + tt/^i, i.e., each future ideal point represented by some Uoo € must 
be identified with the past ideal point represented by Uac + t^/i^i G L~ (and there are no more 
identifications). Summing up: 

Theorem 8.7 Let M be a plane wave with fij = for all j 7^ 1, and /ii(u) a positive constant 
function equal to the biggest eigenvalue of fij (u) ( in particular, any locally symmetric plane wave 
with a positive eigenvalue). Then, dAi is weakly locally lightlike and canonically identifiable to 
[—00,00], both as a point set and as a topological space, being the weak causal relation the corre- 
sponding one to the natural order. Even more, in the locally symmetric case this also holds for the 
causal relation. 
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9 Higher dimensionality of dAi 



When F grows less fast than quadratic (in all directions) one does not expect a 1-diniensional 
boundary. In fact, if F is subquadratic and M complete then the Mp-wave becomes globally 
hyperbolic. So, there are no identifications between dA4, dM. and, the structure of the spacetime 
suggests a boundary with two pieces which resemble in some sense the Cauchy hvpersurfaceJ^ 
-notice that the Cauchy hypersurfaces are necessarily noncompact and, at least when M is non- 
compact, one could expect that some portion of dM were higher dimensional, even of dimension 
(n + 1). Some concrete cases will be briefly analyzed in Subsections 19.21 19.31 But, first, we will 
see that the (A = l/2)-asymptotic quadratic growth of F becomes critical for the 1-dimensional 
character of the boundary. Recall that this case appears in geometries derived from NS5 branes, 
see [301 Sect. 4.3, §NL2]. 

9.1 Criticality of A = 1/2 for 1-dimensionality 

Consider for simplicity a pp-wave = ]R"+^ with F = F\, A G M, satisfying: 

F).{x,u) = \^\x\^l{l + uf, (9.1) 

for u > (and eventually for u < —2, but we will not take care of this part). Obviously, F\ is 
A-asymptotically quadratic and, for A > 1/2, dM is 1-dimensional (and so essentially dAi). Our 
purpose is to show that this is not the case for A = 1/2, which shows the optimal character of our 
results. 

Concretely, we will construct i/-lightlike curves 7 : [0, 00) M with u{s) 00 such that 
^ [7] 7^ Thus, the collapse of all the corresponding ideal points to the single one i+ (which 
was essential in Section [8] -Prop. I8.1I ~ in order to ensure the 1-dimcnsionality of the boundary) 
will not hold. As a technical previous step: 

Lemma 9.1 Let F — F-^j^ in \9.1^ and n = 1. Consider the functional 

/.All 

Jo^"{^) = (i' - F{x{u), u)) du 
Jo 

and the solution y{u) — ^Jl + u to the Euler- Lagrange equation 

y+p{u)y = p{u) = l/4:{l + uf. 

Then 

Inf2;ec(i,a(Au);An)>7o^" = Jo^"(y|[o,A"]) ~ 

for all Au> 0. 

Proof. The last equality is straightforward, so, we will see that ?/|[o,Aii] minimizes the functional 
by usual techniques from Sturm-Liouville theory (see jSj Sect. 1.1], [SlJ Ch. 4]). Put g{u) = 
y{u)/y{u), which satisfies Riccati's equation g + g^ = —p- For any x G C(l, y{Au); Am) one has: 

Jo^^i^)= r\i^~px^)du= r\x^xgfdu+x\u)g(u)\l=J^'' (9.2) 
Jo Jo 

^'^If M were not complete, global hyperbolicity may be destroyed, but the main difference in the expected picture 
is that additional boundary points would appear, associated to inextendible curves in M with finite energy. 
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(expand the first term in the right side and integrate by parts 2 J xxg = J x^g). And taking into 
account that curves x, y coincide at the extremes: 

:7o^"(.) > x\u)g{u)\ZT - y'i^)9{n)\ZT = ^o^"(2/) 

(the last equahty applying (|9.2p to x = y).u 

Now, consider the lightlike curve in the pp-wave 7(1*) = {x{u), u, v{u)) constructed from Lemma 
14.21 with x{u) — y{u)e, where e is any unit vector of R" and y{u) = ^/l + u (and t;(0) = 0). From 
(|4.4p and Lemma [9.11 the arrival function V satisfies: 

y((a;(0),0), (a;(u),u)) = 0, Vw > 0. 

Thus, from the interpretation of V (Prop. 14. 3p . z — (a;(0),0,wo) ^ I^{'y{u)) whenever vq > 0(= 
v{u)). 

Remark 9.2 Notice that this not only proves the required inequality 7^ A^. In fact, moving 

e in all the directions (e G S"^-'^ C M"), and i;(0) G K, different curves 7 = 7[e, ti(0)] are obtained. 
Each one yields an ideal point, that is, a portion of DM containing a 71-dimcnsional subset of ideal 
points is constructed. 

9.2 Static and Minkowski type Mp- waves 

According to Garcia-Parrado and Senovilla [22j . a spacetime M is called causally related with a 
second one A4', shortly ^ A^', if a diffeomorphism (j) maps the causal cones of Ai into the ones 
of M'; moreover, M,M' are isocausal if ^ M' and M' -< M. Intuitively, when M -< M' the 
causal cones of Ai' can be obtained by opening the ones of A4. If they are isocausal then they are 
not necessarily conformal, but many causal properties are shared by both spacetimes [22] [21] . 

When a Mp-wave has coefficient F{x, u) bounded in x then it becomes isocausal to the simplest 
choice F = 0, more precisely: 

Proposition 9.3 Let {M,{-,-)l) be a Mp-wave with \F{x,u)\ < f{u) for all {x,u) € AI x M, 
where f is a continuous function. Then {M, is isocausal to the standard static spacetime 

obtained just making F = 0, i. e. 

M=MxR^, go ^ {■,■) ~2dudv. 

Proof. By a simple computation of the causal cones, the metrics 

5=^ := (•, •) ± J{u)du^ - 2dudv 

satisfy 

{M,g-)<{M,{-r)L)<{M,g+). 

But recall that both metrics g^ are isometric to the static (A^,go), as shown by the global change 
of coordinates: 

1 r 

u = u, v = vT-^ J f{<^)da. 
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So, even though the relation between the causal boundaries of two isocausal spacetimes does 
not seem trivial, one expects that, when Proposition 19.31 applies, the boundary of the Mp-wave 
will not be too different to the boundary of the corresponding static model. In particular, when 
M = the static spacetime is L"+^, so, if pp- waves are considered, one expects a boundary not 
very different to Lorentz-Minkowski's. 



9.3 The case —F quadratic 

Marolf and Ross |36| proved that the conformal boundary is a set of two lightlike hyperplanes 
joined by two lightlike lines, in the case of (conformally flat) locally symmetric plane waves with 
equal negative eigenvalues. Now, we will extend that proof to include non-locally symmetric ones. 
Then, the causal boundary will be also computed and, as we will see, the picture will be a bit 
different. 

We will also focus on the simplest case of a (non-locally symmetric) plane wave with equal 
negative eigenvalues of F. This corresponds to the case —F quadratic (which can be studied in 
further detail with the introduced techniques). Thus, let A4 = ]R"+^ with 

^ dx^ + \x\^f{u)du^ ~2dudv, /(u)>0, (9.3) 
where, x — {x^ , . . . , x"). Consider the differential equation 

r{u) = f{u)r{u), r(0) = 1, f(0) = 0. (9.4) 

The change of variables 

X = r{u)x, V = V + —r{u)r{u)x'^ 

takes (|9.3p into 

(•, •)l = r{uf'dx'^ — 2dudv, 

on all M"+^. Thus, the further change of variable u — r{u'y^ yields the explicitly conformally 
flat expression: 

^riufidS:^ -2dudv). (9.5) 
Observe that the domain for coordinate u is given by: 

ds 

U-oo <U <Uao With U±oa / , , < ±U±oo < OO, 







r(s)2 



being the finitencss of u±oo a consequence of the convexity of r in (|9.4p . Therefore, the plane wave 
is conformal to the proper region u-ao < u < Uoo of Minkowski spacetime (in the coordinates 
of (|9.5p ). In particular, the conformal boundary (for the restriction of the classical Minkowski 
embedding) consists of two parallel lightlike hyperplanes at u = ±Uoo and two lightlike lines (say, 
two copies of [w-oo,Uoo]) which represent the intersection of the region u-oc < w < Uoc with the 
past and future infinity J^^ of Minkowski space. 

Now, recall that the conformal version (|9.5p of the plane wave (j9.3p can be also used to compute 
the causal boundary, and it looks like somewhat different. In fact, this boundary contains again 
two lightlike hyperplanes (which can be identified in L"+^ with pairs (/~(z),0) G dA4, where 
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u{z) = Moo, and (0,/''"(z)) £ dA4 with u{z) = u-oo), and two lightlikes lines. But these lines 
are now identified naturally with copies (u-co^oo] C dA4 and [u_oo,Uoo) C dM (say, as no 
future-directed timelike curve approaches U-cxj)- Notice that, both dM and dM are connected and 
non-compact, and there are no identifications for dM; thus, plainly dM = dM U dM. 

10 Conclusions 

We have carried out a systematic study of Mp-waves, being our main goals: 

1. We consider the very wide family of wave- type spacetimes and determine the general 
qualitative behaviour of the metric which yields a 1-dimensional causal boundary, as well as 
other properties, see Table 1. 

2. Even though we particularize our general results to many cases, our main aim is to introduce 
general techniques potentially applicable to other cases of interest in General Relativity, 
String Theory or other theories. These techniques involve a functional approach, Sturm- 
Liouville theory, the introduction of new Busemann type functions and technicalities on 
Causality. 

3. The functional approach (which is a variant of the one introduced in [19j ) is also interpreted as 
an arrival time function, with clear analogues to Format's principle one. This interpretation 
also clarifies the causal structure of the waves, including the inexistence of horizons. 

4. Our study includes the improvements on the notion of causal boundary in |371 118] . Even 
though the well-known historical problems of this notion can be minimized in a first approach 
(as in [30, ), finally a consistent notion of the identifications of future and past sets, as well as a 
reasonable topology, must be carried out. In fact, the former may lead to new interpretations 
(in order to go beyond infinity, as claimed in [36j ) and the latter is unavoidable to speak on 
the dimension of the boundary. What is more, the new Busemann-type functions here 
introduced seem to have general applicability for this notion of causal boundary. 

Summing up, this work has obvious contents for classical Causality and General Relativity, and 
it is also introduced as a tool for the string community, in order to check the exact possibilities of 
holography on plane waves backgrounds. 



36 



Qualitative F 


Causality 


Boundary dM 


Some examples 


F superquad. 
— F at most quad. 


No distin- 
guishing 


No boundary 


pp- waves yielding 
Sine-Gordon string 
and related ones 


At most quad. F 
(resp.i \F\) 


Strongly 
causal 


Computable 
from Th. [L6] 
(resp. Th. rroll 


all below 


A-asymp. quad.^ 
A > 1/2 


Strongly 
causal 


1-dimension, 
lightlike 


plane waves 
with some eigenv. 
m > AV(l + w2) 

for |m| large 


A-asymp. quad. 
A < 1/2 


Strongly 
causal 


Critical 


pp-wave with 

F{x,u) = A^ 2)2/(1 + 

(for u > 0) 


Subquadratic 


Globally 
hyperbolic 


No identif. 
in dM , dM 

Expected 
higher dim. 


(1) L" and static 
type Mp-waves 
(2) plane waves with 
~F quadratic 



For this subcase and the cases below, assume M complete. 
^It is sufficient for this asymptotic behaviour to hold in a spatial direction of M if |F| is at most quadratic. 
For other generalizations, see formula (|5.9|l and Remark 15. 71 

Table 1 

Rough properties of the causal boundary of a Mp-wave depending on the qualitative 
behaviour of F. 
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A Appendix 



Theorem A.l Let M be a Riemannian manifold and Xm '■ [0, A„i] M a sequence of piecewise 
smooth curves with diverging energies and such that the endpoints 2:^(0), x„i(A,„) are contained 
in a bounded region B of M for all m. Then, for any A < tt^, and any /i, A; G M, < e < 2; 



Aral \xmis)\^ds-~^ I ( Ajx^ (s) | ^ + /i |a;„, (s) | ^ ' + fc)ds 



Moreover, if the assumption on the endpoints is done only for the initial ones (i.e., {xm{A.m)}m 
does not lie necessarily in a bounded B) then the same assertion holds for A < 7r^/4. 

Proof. For each to, take the variable s = s/ Am, im(s) — Xm{Ams) and write the corresponding 
expression (up to a factor 2) as a typical Lagrangian type kinetic minus potential energy: 



1 

2, 



\Xm{s)\'^ds - 



J ^^Nin(s)P + (lower degree terms)^ ds. 



If the endpoints of the curves were two fixed points, then Lemma 3.4 and Remark 3.3 in |il2j would 
yield the first assertion. Otherwise, the result follows by connecting all the endpoints to a fixed 
point by means of curves with bounded energy, and applying previous case. 
For the last assertion, just apply the first one to the sequence of curves: 



■^m (^) 



Xm{2s) if < s < A„/2 

a;„(2A„ - 2s) if A„/2 < s < A, 



Notice that the value of /Lt in previous result becomes irrelevant (as e > 0) , but the inequality for 
the leading coefficient A < tt^ or A < 7r^/4 (the optimal ones coming from Wirtinger's Inequality) 
must hold. Nevertheless, such a bound for A can be avoided in the following cases. In particular, 
the results are stated with fi = k = without loss of generality. 

Corollary A. 2 Let M be a Riemannian manifold and x : [0, Aqo) ^ M a piecewise smooth curve 
with Aqo < oo and infinite energy. Then, for A/^ as in \7.13\ l: 



lim Aa = / \x{s)\^ds-R \x{s)\^ds 
AyA^ Jo Jo 

Even more, for any K > 



Proof For S £ {0,Aoo), put 



lim (Aa-K\xa\'^)=oo. 

A/A^ ^ 11/ 



xs{s)^x{6+{A-5)s) Vse[0, 1] 



and 



^A =As+ /f |i(s)|2ds - \x{s)\Hs 



^5 + A^ /o \iM?d-s - (A - <5)i?/o^ \xs{s)\'d-s 
> + ct/o \isis)\^ds- (A^ - S)RJ^ \xs{s)\^ds. 
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Thus, the first assertion follows by taking S close enough to Aqo in order to apply Theorem lA.il 
(with A™ = 1), i.e., A^o - ^ < Min{l, 7r2/4i?}. 

For the last part, exploiting that R, K > are arbitrary, it is enough to check that \x{s)\'^ds— 
if |xaP is lower bounded for any K > 0. Notice that, for < Aq < A: 

(la^Al - IxAoD' <( r \i{s)\ds] < (A - Ao) \i{s)\^ds < {A^ - Aq) \x{s)\^ds. 

\JAo / JAo JAo 

Thus, the result follows easily by taking Aq so that A^o — Aq < 1/2K. ■ 

Proposition A. 3 Let M be a Riemannian manifold and Ri > 0, R2 (z R,0 < e < 2. There exists 
d > 0, which can be taken S = 00 if Ri = 0, such that 




for all A e (0, 5), y £ Cixo, xo; A) and xo, € M . 

Proof. For simplicity, the proof will be carried out with i?2 = 0, being obvious the extension to 
the case R2 7^ 0. First, putting y{s) ~ y{As): 

Aj^ \y{s)\^ds -^l^ \yi^)\'ds = \m\'d-s - y mfds > 0, 
the latter by Wirtinger's inequality. Thus, 

i?i r \y{s)\'ds < r imfds, 

Jo Jo 

and the required inequality follows obviously if 6 < n/ \J2R\. ■ 

References 

[1] D. Amati, C. Klimcik, Nonperturbative computation of the Weyl anomaly for a class of nontrivial 
backgrounds, Phys. Lett. B 219 (1989) 443-447. 

[2] J.K. Beem, P.E. Elirlich, K.L. Easley, Global Lorentzian geometry, Monographs Textbooks Pure Appl. 
Math. 202 (Dekker Inc., New York, 1996). 

[3] P. Beesack, Integral inequalities of the Wirtinger type, Duke Math. J. 25 (1958) 477-498. 

[4] I. Bena, R. Roiban, Supergravity pp-wave solutions with 28 and 24 supercharges, Phys. Rev. D 67 
(2003) 125014. 

[5] D. Berenstein, J. M. Maldacena and H. Nastase, Strings in flat space and pp waves from N = 4 super 
Yang Mills, J. High Energy Phys. 0204 (2002) 013. 

[6] D. Berenstein and H. Nastase, On Ughtcone stnng field theory from super Yang-Mills and holography. 
Available at arXiv:hep-th/0205048; 



39 



[7] A.N. Bernal and M. Sanchez, Smoothness of time functions and the metric splitting of globally hy- 
perbolic spacetimes, Commun. Math. Phys. 257 (2005) 43-50. 

[8] A.N. Bernal and M. Sanchez, Globally hyperbolic spacetimes can be defined as "causal" instead of 
"strongly causal" , Class. Quant. Grav. 24 (2007) 745-750. 

[9] M. Blau, J. Figeroa-O'Farrill, C. Hull, G. Papadopoulos, Penrose limits and maximal supersymmetry. 
Class. Quant. Crav. 19 (2002) L87-L95. 

[10] D. Brecher, C.V. Johnson, K.L. Lovis, R.C. Myers, Penrose limits, deformed pp-waves and the string 
duals of TV = 1 large TV gauge theory, J. High Energy Phys. 0210 (2002) 008. 

[11] R. Budic, R.K. Sachs, Causal boundaries for general relativistic spacetimes, J. Math. Phys. 15 (1974) 
1302-1309. 

[12] A.M. Candela, J.L. Flores, M. Sanchez, A quadratic Bolza-type problem in a Riemannian manifold, 
J. Dtff. Equat. 193 (2003) 196-211. 

[13] A.M. Candela, J.L. Flores, M. Sanchez, On general plane fronted waves. Geodesies, Gen. Relat. Crav. 
35 (2003) 631-649. 

[14] A.M. Candela, J.L. Flores, M. Sanchez, Global hyperbolicity and Palais-Smale condition for action 
functionals in stationary spacetimes. Adv. Math., to appear. Available at math.DG0610175 

[15] R. Corrado, N, Halmagyi, K.D. Kennaway, N.P. Warner, Penrose limits of RG fixed points and pp- 
waves with background fluxes. Adv. Theor. Math. Phys. 6 (2003) 597-617. 

[16] M. Cvetic, H. Lu, C.N. Pope, Penrose limits, pp-waves and deformed M2-branes, Phys. Rev. D 69 
(2004) 046003; ibid, M-theory pp-waves, Penrose limits and supernumerary supersymmetries, Nucl. 
Phys. B 644 (2002) 65-84. 

[17] J. Ehlers, K. Kundt: Exact Solutions of the Gravitational Field Equations. In: Cravttation: an 
introduction to current research, (ed. L. Witten, J. Wiley & Sons, New York 1962). 

[18] J.L. Flores, The Causal Boundary of spacetimes revisited, Commun. Math. Phys. 276 (2007) 611-643. 

[19] J.L. Flores, M. Sanchez, Causality and Conjugate Points in General Plane Waves, Class. Quant. Grav. 
20 (2003) 2275-2291. 

[20] J.L. Flores, M. Sanchez, On the Geometry of PP-Wave Type Spacetimes, Analytical and Numerical 
Approaches to Mathematical Relativity, Lecture Notes in Physics 692, Springer- Verlag, (2006) 79-98. 

[21] A. Garcia-Parrado, M. Sanchez, Further properties of causal relationship: causal structure stability, 
new criteria for isocausality and counterexamples. Class. Quant. Grav. 22 (2005) 4589-4619. 

[22] A. Garcfa-Parrado, J. M. M. Senovilla, Causal relationship: a new tool for the causal characterization 
of Lorentzian manifolds. Glass. Quant. Grav. 22 (2003) 625-664. 

[23] A. Garci'a-Parrado, J. M. M. Senovilla, Causal structures and causal boundaries. Class. Quant. Grav. 
22 (2005) R1-R84. 

[24] R.P. Geroch, E.H. Kronheimer and R. Penrose, Ideal points in spacetime, Proc. Roy. Soc. Lond. A 
237 (1972) 545-67. 

[25] E.G. Gimon, L.A. Pando Zayas, J. Sonnenschein, Penrose limits and RG flows, J. High Energy Phys. 
09 (2002) 044. 

[26] S.G. Harris, Causal boundary for Standard Static spacetimes. Nonlinear Anal. 47 (2001) 2971-81. 

[27] S.W. Hawking, G.F.R. Ellis, The Large Scale Structure of Space-Time, Cambridge University, Cam- 
bridge, 1973. 

[28] E. HiUe, Non-oscfllation theorems, Trans. Amer. Math. Soc, 64 (1948) 234-252. 



40 



[29] G. T. Horowitz and A. R. Steif, Space- Time Singularities In String Theory, Phys. Rev. Lett. 64 (1990) 
260-263. 

[30] V. Hubeny, M. Rangamani, Causal structures of pp-waves, J. High Energy Phys. 0212 (2002) 043. 

[31] V. Hubeny, M. Rangamani, No horizons in pp-waves, J. High Energy Phys. 0211 (2002) 021. 

[32] V. Hubeny, M. Rangamani, Causal structures and holography, J. High Energy Phys. 0507 (2005) 037. 

[33] V. Hubeny, M. Rangamani, S.F. Ross, Causal inheritance in plane wave quotients, Phys. Rev. D 69 
024007 (2004). 

[34] V. Hubeny, M. Rangamani, S. Ross, Causally pathological spacetimes are physically relevant. Int. J. 
Mod. Phys. D 14 (2005) 2227-2232. 

[35] P. Li, L-F Tam, Complete surfaces with finite total curvature, J. Diff. Geom. 33 (1991) 139-168. 

[36] D. Marolf, S. Ross, Plane Waves: To infinity and beyond! Class. Quant. Grav. 19 (2002) 6289-6302. 

[37] D. Marolf, S.R. Ross, A new recipe for causal completions. Class. Quant. Grav. 20 (2003) 4085-4117. 

[38] D. Marolf, S.R. Ross, Plane waves and spacelike infinity, Glass. Quant. Grav. 20 (2003) 4119-4133. 

[39] R. R. Metsaev, Type HB Green-Schwarz superstring in plane wave Ramond-Ramond background, 
Nucl. Phys. B 625 (2002) 70-96. 

[40] J. Michelson, A pp-wave with 26 supercharges. Glass. Quant. Grav. 19 (2002) 5935-5949. 

[41] E. Minguzzi, Eisenhart's theorem and the causal simplicity of Eisenharts spacetime. Class. Quantum 
Grav. 24 (2007) 2781-2807 

[42] E. Minguzzi, M. Sanchez, The causal hierarchy of spacetimes. European Mathematical Society Pub- 
lishing House, vol. "Recent developments in pseudo-Riemannian Geometry" based on the semester 
Geometry of pseudo-Riemannian manifolds with application to physics ESI, Vienna, Sept - Dec 2005, 
to appear. Available at gr-qc/0609119 

[43] B. O'Neill, Semi-Riemannian Geometry with applications to Relativity, Academic Press, INC, 1983. 

[44] R. Penrose: Any spacetime has a planewave as a limit. In: Differential geometry and relativity, Reidel, 
Dordrecht (1976) 271-275. 

[45] V. Perlick, Gravitational lensing from a spacetime perspective. Living Rev. Relativity 7 (2004) 9. 

[46] I. Racz, Causal boundary of space-times, Phys. Rev. D 36 (1987), 1673-1675: ibid, Causal boundary 
for stably causal space-times. Gen. Relat. Grav. 20 (1988) 893-904. 

[47] M. Sanchez, Some remarks on Causality and Variational Methods in Lorentzian Manifolds, Conf. 
Sem. Mat. Univ. Ban 265 (1997) 1-12. Available at gr-qc 0712.0600. 

[48] M. Sanchez, On the Geometry of Generalized Robertson Walker Spacetimes: Geodesies, Gen. Relat. 
Grav. 30 (1998) 915-932. 

[49] L.B. Szabados, Causal boundary for strongly causal spaces. Glass. Quant. Grav. 5 (1988) 121-34. 

[50] L.B. Szabados, Causal boundary for strongly causal spacetimes: II, Class. Quant. Grav. 6 (1989) 
77-91. 

[51] R.M. Wald, General Relativity. Chicago: The University of Chicago Press (1984). 
[52] A. Zettl, Sturm- Liouville Theory, American Mathematical Society, 2005. 



41 



